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The objective of this research is to study the excitation and propagation of elastic 
waves by inter-digital transducer (IDT) for non-destructive evaluation (NDE) of plate 
structures.  Though it is widely understood that IDT is an efficient way to excite 
desired elastic wave modes owing to its inherent merits such as convenience and 
controllability, the analysis of IDT is quite difficult due to its complex geometry and 
the effect of electro-mechanical coupling, which results in its limited application as a 
NDE device.  The main scope of this study are: (a) to investigate the electro-
mechanical coupling effect of a piezoelectric coupled structures as well as the 
interaction between the IDT and the host plate for wave excitation and propagation and 
(b) to design an IDT for efficient and accurate NDE of cracks in plates.   
To study the electro-mechanical coupling effect and interaction between the 
piezoelectric layer and the host, piezoelectric layered structures each with different 
substrate are investigated for two kinds of elastic waves, namely shear horizontal wave 
and plane strain wave.  Lamb modes excited by IDT can be modeled by considering 
plane strain waves in a piezoelectric layered plate.  An analytical model of the IDT-
plate coupled structure describing the excitation and propagation of elastic wave in the 
host plate is formulated and solved.  The coupled structure of the IDT and the part of 
the host plate beneath IDT is considered as the near field, while the remaining part of 
the plate beyond the IDT is considered as the far field.  Wave solutions are obtained 
from electro-mechanical coupled governing equations using modal techniques.  Spatial 
Fourier transform is employed in the wave propagation direction to simplify the 
system of equations so that it reduces from 2-dimensional to 1-dimensional involving 
only the wavenumber.  From the solution of the excitation in the near field, the 
  vi  
 
amplitudes of Lamb modes can be obtained by considering reciprocity relations and 
mode orthogonality. 
The analytical model is employed to guide the optimal design of IDT for NDE of 
cracks in plates.  Analytical results show that the finger spacing controls the central 
wavelength of the IDT and is a fundamental design parameter.  On the other hand, the 
finger width does not affect the excitation significantly.  For fixed finger spacing, the 
IDT length and number of fingers are inter-related.  They are designed so as to achieve 
sufficient mode selectivity and excitation strength while keeping the time span of the 
signal package as small as possible for accurate flight-time measurement in NDE.  
Mobile double-sided IDT is proposed in this study as an efficient device where 
excitation strength is designed to be strong and focused.  The designed mobile double-
sided IDT is then fabricated in-house and used to develop a procedure for accurate 
locating and determination of the extent of cracks in plates.  The proposed device and 
recommended procedure has been shown in this study to be efficient and accurate in 
detecting damages in three aluminum plates, the first one with a deep linear crack 
(crack depth to plate thickness ratio of 0.9), the second one with a shallow piecewise 
linear crack (depth ratio of 0.35), and the last one with a shallow curved crack (depth 
ratio of 0.25).  The sensor and actuator can either be on the damaged or undamaged 
face of the plate where for the latter, the crack is blind to the evaluator. 
 
Keywords: inter-digital transducer, non-destructive evaluation, Lamb wave, excitation 
and propagation, electromechanical, crack detection. 
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Chapter 1 Introduction 
 
1.1 Background 
Early detection of deficiencies in structures through health-monitoring techniques 
can prevent catastrophic failure or deterioration beyond repair.  Efforts, disruption and 
costs to replace damaged parts can also be greatly minimized.  Structural defect 
detection techniques can be destructive or nondestructive.  The latter is particularly 
attractive in structure maintenance and as such, continues to receive considerable 
attention in research and practice.  The aim of nondestructive evaluation (NDE) 
methods is to identify and locate physical unacceptable features (and herein referred to 
as defects) without causing any damage to the material structure or component under 
investigation.  Elastic wave propagation in solids serves as a useful mode in NDE 
providing a flexible, versatile, cheap and safe method and research on this area has 
developed since 1960s. 
The propagation of waves in solids may be divided roughly into three categories. 
The first is elastic waves, where stresses in the material obey Hooke’s law.  The two 
other are visco-elastic waves, in which viscosity as well as elasticity governs, and 
plastic waves, in which the yield stress of material is exceeded.  Due to its simplicity 
relative to the other two waves, elastic wave propagation is preferred in NDE 
techniques and will be studied in the present work. 
NDE by elastic waves can be performed in time or frequency domain.  In time 
domain method, pulse signal is generated and propagates within the solid medium.  
The existence of damage can be read directly from the output signal if some “abnormal 
signals” appear.  “Abnormal signal” here refers to a signal package not corresponding 
to either direct incidence or reflection from boundaries, and hence is regarded as 
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reflection from some defect in the plate.  By estimating the flight-time of abnormal 
signal, the location of defect can be found.  Frequency domain method analyzes the 
natural frequency or impedance changes in a damaged structure.  The severity of the 
damages may relate to magnitude of the shift of the natural frequency or impedance of 
a healthy structure to a damaged structure.  Both time domain and frequency domain 
methods require excitation of waves in the structure under evaluation. 
Waves in solids are usually excited by an impact force on the surface of the media, 
which could be modeled as a pulse.  The convenience of this excitation method is often 
negated by the wide frequency band and uncontrollable amplitude of the generated 
signal resulting in inconsistent results.  Alternatively, the advantage of piezoelectricity 
can be made use of to excite elastic waves using electrical signal input.  Both 
requirements of convenience and preciseness in wave excitations are satisfied using 
this mode of actuation.  
Piezoelectricity is the phenomenon in which mechanical energy can be transformed 
into electrical energy and vice versa.  By definition, piezoelectricity is the electricity 
(electrical charge) generated in a material when mechanical pressure is applied to it.  
The opposite effect also occurs, where the material changes its physical shape when an 
electrical charge is applied.  These two basic effects form the foundation of 
piezoelectricity.  There are a number of materials which show natural piezoelectric 
properties such as Rochelle salt, Quartz, Ammonium dihydrogen phosphate (ADP), 
Potassium dihydrogen phosphate (KDP), Tourmaline, Zinc blende (ZnS), Barium 
titanate crystal, Barium titanate ceramic (Shields, 1966).  In wave excitation, the most 
frequently used and commercially available are piezoelectric ceramics (Lead 
Zirocondate Titanate, or PZT) and piezoelectric polymers (Polyvinylidene Fluoride, or 
PVDF).  
2 
Owing to the reciprocal energy transforming characteristics of piezoelectricity, 
such materials can function as sensors, actuators or transducers.  As a sensor, the input 
mechanical signal is transformed into electrical signal that can be evaluated through 
electrical equipments.  Conversely as an actuator, when voltage is applied, strains are 
produced to control the substrate behavior.  As a transducer, the high frequency 
electrical input signal is transformed into mechanical wave.  If the frequency of 
electrical input is narrow band, the frequency band of the output mechanical wave 
remains narrow.  With deliberate design and operation of transducers, the wavelength 
can also be controlled.  Normally, there are two ways to control the wavelength.  The 
first method is angled incidence, in which the transducers contact the substrate with an 
angle.  By adjusting the incident angle, desired wave modes can be obtained.  This 
method requires experience and skillful operation of the transducers and such 
transducers are usually bulky.  The second method is to use interdigital transducers, or 
IDT (fig. 1.1).  Thin metallic fingers are deposited on the surface of piezoelectric 
transducers to receive high frequency electrical input signal, which is then converted 
into mechanical waves.  The wavelength is controlled by the spacing between the 
fingers.  IDT are small enough to be bonded on the surface of the substrate and does 
not significantly affect the mechanical behavior of the substrate.  The research 
development in this area will be reviewed in the following section. 
 
1.2 Literature Review 
1.2.1 Brief History of Elastic Wave Theories 
The study of wave and vibration phenomena dates back hundreds of years.  Most 
early studies were associated with the observation of musical tones or water waves.  
The theory of elastic waves in solids has been established comprehensively by the 
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twentieth century.  Rayleigh (1887) developed the frequency equation for waves in 
plate based on exact elasticity theory.  Love (1911) developed the theory of waves in a 
thin layer of material overlying a semi-infinite medium and showed that such waves 
accounted for certain anomalies in seismogram records.  Mindlin (1951) presented an 
approximate theory for waves in a plate that provided a general basis for development 
of higher-order plate and rod wave theories. 
 
1.2.2 Elastic Waves in Piezoelectric Materials 
The study of wave propagation in pure piezoelectric solids has received 
considerable attention since Mason’s work in 1948 and 1950.  The difference between 
piezoelectric solids and non-piezoelectric solids lies in the electro-mechanics 
manifested by the former.  The stress inside a piezoelectric material is no longer 
linearly associated to mechanical strain only, as the strain field is also induced by the 
electricity.  Thus, the wave propagation inside a piezoelectric material is inevitably 
affected by the electro-mechanical coupling effect, which is usually defined as the ratio 
of the energy portion being converted into mechanical energy to the input electrical 
energy.  Mason (1948) developed equivalent circuit theory to model acoustic system as 
electrical circuit, in which mechanical force and particle velocity were analogized to 
electrical voltage and current, respectively.  Hence, a piezoelectric device was modeled 
in one-dimension as an electrical circuit with two acoustic ports and one electrical port.  
By taking account of this electro-mechanical coupling effect, Mindlin (1952) deduced 
the theory of flexural vibration of piezoelectric crystal plates.  Tiersten (1963a) studied 
the vibrations in the thickness direction of piezoelectric plates and extended his 
research to the wave propagation in an infinite piezoelectric plate (1963b), in which 
the dispersion characteristics of elastic waves in piezoelectric plates were obtained.   
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Bleustein (1969) conducted further research on wave propagation in an infinite 
piezoelectric plate and some basic modes are identified.  In addition to these studies on 
a homogenous piezoelectric plate, Cheng and Sun (1975) investigated the wave 
propagation in two-layered piezoelectric plates and obtained the dispersion 
characteristics of this layered structure.  Wang et al (2000) studied existence of Love 
wave confined in a piezoelectric layered structure. 
 
1.2.3 Piezoelectric Actuators and Sensors 
The unique behaviour of piezoelectric material led to research on its use as a 
transducer to excite waves on a bonded substrate or as a sensor to detect the 
mechanical wave propagating in the substrate.  As a result of the availability of 
piezoelectric materials with strong electromechanical coupling effect, new sensors and 
actuators involving piezoelectric elements found wide applications and are in greater 
demand.  Examples include piezoelectric ultrasonic motors, piezoelectric transducers 
for structural health monitoring, and vibration control or noise suppression using 
piezoelectric layers.  Subsequently, the coupling effects between the piezoelectric 
material and the host material become a topic of practical importance.  Crawley and 
Luis (1987) presented both analytical and experimental results of piezoelectric 
actuators as elements of intelligent structures, i.e. structures with distributed actuators, 
sensors, and processing networks.  Analytical models for dynamic response were 
derived for patches of piezoelectric actuators bonded on an elastic substructure or 
embedded in a laminated composite.  Their models were capable of predicting the 
response of the structural member for specific voltages applied to the actuators and 
providing guidance on optimal location of actuators.  A scaling analysis was 
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performed to evaluate the effectiveness of various piezoelectric materials in 
transmitting strain to the substructure.  
 Lee and Moon (1989) developed a set of piezopolymer devices based on a 
piezoelectric polymer composite laminate theory.  With different combinations of ply 
angles and electrode patterns, a piezopolymer/metal shim plate structure was built that 
exhibited both bending and torsion deformation under an electrical field.  A set of 
torsion-beam sensor structures were also incorporated that could distinguish between 
bending and torsion or between different vibration modes.  They also performed 
experiments and achieved results in agreement with those from theoretical predictions.  
Research has shown that closed-form solutions accounting for the electro-
mechanical coupling of piezoelectric plates, laminates or patches are difficult to obtain 
especially for complicated boundary conditions.  Thus an approximate technique, such 
as the finite element method, is necessary.  Variational methods and finite element 
models for piezoelectric beams and plates have been reported by Tzou and Tseng 
(1990), Ha et al (1992), Hwang and Park (1993) as well as Lam et al (1997).  These 
models have their own advantages and disadvantages.  Tzou and Tseng (1990) 
developed the isoparametric hexahedron solid element with internal degrees of 
freedom, which is used to model a plate integrated with distributed sensors and 
actuators.  However, the proposed model has large degrees of freedom and becomes 
less efficient for practical problems.  Lam et al (1997) used the four-node rectangular 
element, which could take the mass and stiffness of the piezoelectric materials into 
account.  The formulations and finite element mesh were relatively simple and 
efficient for the analysis of rectangular piezoelectric composite plate.  However, the 
proposed element is non-conforming and convergence cannot be guaranteed. 
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Besides being used for the control of structural behavior, piezoelectric materials 
are frequently used as transducers to excite acoustic waves.  The study of wave 
propagation inside piezoelectric material attracted much attention for the application of 
delay line.  The time delay effect is achieved when a piezoelectric element is used to 
transform the electrical signal into elastic wave propagating through it. (Viktorov, 
1967; Cutis and Redwood, 1973; Cheng and Sun, 1975).  Sun and Cheng (1974) 
studied acoustic wave propagating around a piezoelectric cylinder with thin metallic 
overlay and showed that the wave propagation characteristics changed with different 
metallic layers.  Their investigation manifested the importance of evaluating the 
electro-mechanical effect in a layered structure.  The research on delay line after 1970s 
began to concentrate on the electrical characteristics due to its application in electronic 
equipments.  Meanwhile, piezoelectric devices for mechanical applications were 
developed rapidly with its application in NDE attracting great attention. 
 
1.2.4 Application of Elastic Waves in Nondestructive Evaluation (NDE) 
The theory of elastic waves propagation in solids has found wide applications, 
especially in NDE of structures.  Worlton (1957, 1961) recognized the advantages of 
using Lamb waves in NDE of plates as they can interrogate through the thickness of 
plates and propagate over a long range.  Viktorov (1967) published the extensive use 
of Rayleigh and Lamb waves in NDE in his book including detection of surface and 
near-surface defects, defects in sheets and tubes, and defects in thin-walled structures 
of complex shape.  Much work has been done on the launch of Lamb waves in plate 
structures for NDE in the range greater than one meter (Rowland and Lichodziejewski, 
1973; Doyle, 1978; Silk and Bainton, 1979; Hayashi and Naoe, 1986; Duncumb and 
Keighley, 1987).  Due to the fact that the output wave signal is hard to interpret, their 
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results are at most qualitative.  Rose et al (1983) tried to quantitatively detect defects 
in plates by comparing Lamb wave signals in the frequency and time domain 
respectively.  But the presence of more than one mode complicated the interpretation 
of Lamb wave signals.   
The frequency domain methods make use of parameters such as natural frequency 
and impedance of a structure to circumvent the interpretation problem caused by 
existence of multi-modes.  Changes in natural frequency were related to the presence 
of damages which affected the integrity of a structure (Cawley and Adams, 1979; 
Cawley and Ray, 1988).  Samman and Biswas, (1994a, 1994b) investigated the 
structural integrity of a damaged bridge for nondestructive evaluation by using a set of 
frequency-response functions as signatures.  Lalande et al (1996) used impedance 
analysis to conduct NDE on gears to detect incipient defects.  Rose and Barshinger 
(1998) detected the corrosion part of an aluminum plate by receiving higher Lamb 
modes due to the frequency-thickness change caused by corrosion.  Doebling et al 
(1998) conducted a review on the vibration based damage identification methods.  
Tseng and Naidu (2002) bonded a piezoelectric patch on a plate and measured its 
electrical impedance changes in a frequency sweep while loosening or tightening bolts 
on the plate to simulate damages.  However, to cause a shift in natural frequency or 
impedance in a structure, the defects must be significant.  In addition, locating the 
defects by frequency domain methods is a very difficult task. 
Time history method is a very popular method because it is theoretically a simple 
and efficient damage detection method, assuming that the substrate can be considered 
homogenous at an appropriate scale and only few defects are present.  Improving its 
effectiveness in detecting different structures is of practical importance, which can be 
realized in two ways.   
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The first way is to employ powerful signal interpretation techniques to extract most 
information from the output signals.  Kishimoto et al (1995) used wavelet transform 
(WT) to analyze the dispersion of waves in both time and frequency domain.  Much 
work has been done on locating the damages in beams or plates by using WT (Jeong 
and Jang, 2000; Zhang et al, 2001a; Quek et al, 2001a; Quek et al, 2001b).  Huang et 
al (1998) proposed the Hilbert-Huang transform method (HHT) by combining 
empirical mode decomposition and Hilbert Transform to interpret non-stationary 
signal.  HHT has since been investigated and shown to be appropriate for damage 
detection (Zhang et al, 2001b; Tua et al, 2002).  However, current signal interpretation 
techniques are still deficient when wave packages contain multi-modes that are closed 
to or overlap one another.  This causes difficulty in determining the flight-times of the 
wave packages, reducing drastically the robustness, accuracy and sensitivity of the 
NDE. 
The second way to improve time history NDE method is to generate a single wave 
mode to cause maximum reduction in the number of wave packages in the output 
signal.  This method essentially “cleans” the output signal and greatly simplifies signal 
interpretation.  Alleyne and Cawley (1992) investigated the interaction of individual 
Lamb waves with a variety of defects simulated by notches numerically and 
experimentally.  They developed a two-dimensional Fourier transform method to 
interpret Lamb waves signal by transforming the received amplitude-time records to 
amplitude-wavenumber records at discrete frequencies, to resolve individual Lamb 
waves and measure their amplitudes.  The key issue in their experiment was to excite 
single wave mode.  A Hanning window was used to limit the bandwidth of the input 
electrical signal, and a wedge transducer was adjusted to an appropriate incident angle 
in order to excite a single wave mode in the substrates.  Another single mode 
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excitation device is IDT, which is small and light in comparision with wedge 
transducers (Alleyne and Cawley, 1992), comb or multi-element transducers (Rose et 
al, 1998).  This makes IDT a versatile and convenient device for NDE (Chang et al, 
1994; Monkhouse et al, 1997; Wilcox et al, 1998b; Varadan and Varadan, 2000). 
 
1.2.5 Analysis of Interdigital Transducers (IDT) 
With advancement in the design and fabrication technology, the excitation of a 
single wave mode using IDT becomes a realizable device.  IDT fabricated on a 
piezoelectric substrate was initially used to excite surface acoustic wave (SAW) in the 
application of delay line.  Smith et al (1969) developed Mason’s equivalent circuit 
theory by modeling the periodically spaced fingers of IDT as a cascades of acoustic 
ports which are electrically connected in parallel.  Modifications and improvements in 
the modeling of IDT by equivalent circuit have been made by Milsom and Redwood 
(1971), Krimholtz (1971), Bahr and Lee (1973), Smith and Pedler (1975) and Aoki and 
Ingebrigtsen (1977).  Alternatively, SAW excited by IDT can be modeled using the 
coupled-mode theory, also known as the coupling-of-mode (COM) theory (Elachi, 
1976), which is based on the concept that the propagating waves in both directions 
coupled with each other in periodic structures and the spatial changes in amplitudes are 
rather small.  By solving the coupled-mode differential equations, the SAW 
characteristics can be obtained and found to agree with experimental results (Haus, 
1975; Haus and Wright, 1980; Campbell and Saw, 1987; Nakamura, 1993).  However, 
both the equivalent circuit and the coupled-mode theory are only applicable to SAW 
calculation, in which the piezoelectric substrate is modeled as a semi-infinite medium.  
Moreover, both theories investigate the system only in one dimension. 
10 
In general, the analysis of IDT proves difficult due to the complication of electrical 
and mechanical boundary conditions as well as the electro-mechanical coupling effects.  
Three important assumptions were normally employed to simplify the analytical model.  
Firstly, piezoelectric effects were assumed small enough that the electrical field can be 
calculated first and then applied to obtain the mechanical field.  Secondly, infinite 
number of fingers was assumed to admit a fully periodic solution.  Lastly, the 
piezoelectric substrate was assumed to be semi-infinite. 
Among numerous early analytical studies on IDT, the work of Milsom et al (1977) 
was substantial in that the piezoelectric coupling was considered by taking into 
account of the piezoelectric charge generated on the electrical fingers and finite 
number of fingers were modeled.  Simpson’s rule was employed to calculate the 
combined charge on the electrical fingers numerically and energy theorem was 
employed to estimate the energy ratio of the surface waves to bulk waves.  However, 
the amplitude of each wave mode and hence the distribution of acoustic field was not 
solved. 
Finite element method has the advantage of modeling the complicated electrical 
and mechanical boundary conditions of IDT and eliminates the need for lengthy 
analytical solution (Kagawa and Yamabuchi, 1976; Moetakef et al, 1995).  Because 
the piezoelectric substrate is regarded as semi-infinite, Ventura et al (1995) used the 
boundary element method to deal with the semi-infinite substrate and the finite 
element method to deal with the IDT geometry.  Monkhouse et al (1997) obtained 
satisfactory agreement with experimental measurements of the acoustic field from an 
IDT by using a FE model with a time marching algorithm.  Unfortunately, such a FE 
model takes several days to run, and is therefore not a practical IDT design tool.  
Wilcox et al (1998b) developed a program based on Huygens’ principle to provide a 
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quick estimate of the acoustic field from an IDT for designing the finger length and 
number of fingers.  However, their analysis assumed that the IDT applied only normal 
force, neglecting other mechanical coupling.  This is only applicable to IDT made 
from PVDF which is very thin and light, and produces relatively weak excitation.  IDT 
made from piezoelectric ceramics normally provides stronger excitation due to their 
larger electro-mechanical coupling effect but a good analytical solution is lacking for 
optimal design purpose, resulting in its limited application in NDE.  Hence, the 
potential of accurate crack detection including the estimation of the crack geometry 
using IDT has yet to be fully realized. 
Although finite element method minimized the difficulties in modeling the 
complicated boundary conditions, it is a time-intensive technique for simulating wave 
propagation problem as the wavelength, which controls the size of the element, is short 
and the frequency is high, requiring the time step to be as short as one microsecond.  
Moulin et al (2000) coupled the finite element method with normal mode expansion 
method to model Lamb waves generated by integrated transducers in composite plates.  
The near field where the Lamb wave was excited was modeled by the finite element 
method to overcome the complicated interface conditions, while the far field of the 
propagation wave inside the composite plates was calculated through normal mode 
expansion method based on the initial conditions obtained from FEM solutions. 
Recently, Wang and Varadan (2002a, 2002b) studied the dispersion characteristics 
of shear horizontal (SH) wave propagation in piezoelectric coupled plates and its 
excitation by IDT.  They obtained analytical solution for one-dimensional wave in 
piezoelectric layered plates.  The extension of this work to two-dimensional waves, 
such as plane strain and Lamb waves, has not been carried out. 
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Though a lot of work has been done to study the wave excitation by IDT both 
analytically and numerically, the three assumptions mentioned on page 11 (i.e. 
uncoupled solution, infinite number of fingers and semi-infinite substrate) result in 
imprecise solution or limited application.  The last assumption that the piezoelectric 
substrate is semi-infinite is applicable to delay line process where only the surface 
wave is prominently excited and used.  In NDE application where IDT is bonded on 
test structures, the bulk wave rather than surface wave is used to launch Lamb waves 
or other bulk waves in the structures.  The assumption of semi-infinite piezoelectric 
substrate is no longer applicable and further study is required to simulate numerically 
IDT wave excitation for NDE application. 
 
1.3 Objectives and Scope of Study 
The objectives of this research are: (a) to study excitation and propagation of 
elastic waves by IDT, and (b) to design IDT with an accompanying procedure for NDE 
application in plates. 
To achieve the first objective, an analytical method is developed to model the 
structure of an IDT bonded on a plate by considering the electro-mechanical coupling 
effect.  The scope of this study is (a) to investigate the electro-mechanical coupling 
effect of a piezoelectric coupled structure, (b) to model the interaction between the 
IDT and the host plate and (c) to evaluate the effects of parameters, namely finger 
spacing, width, length and number of fingers on the excitation strength and mode 
selectivity. 
Using the results of the first objective, mobile double-sided IDT is proposed, and 
subsequently designed, as an efficient device to excite single Lamb mode, where 
special attention is paid to make the excitation strong and focused.  The device has 
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been fabricated in-house using commercially available piezoelectric ceramics.  This is 
then used to develop a procedure for accurate identification of the location, direction 
and extent of cracks in homogenous plates.  Two aluminum plates, one with a linear 
deep crack and another with a piecewise linear shallower crack, will be used to 
illustrate the accuracy and efficiency of both the proposed device and procedure for 
effective NDE. 
 
1.4 Organization of Dissertation 
This dissertation is organized into seven chapters.   
The first chapter introduces the background and hence indicates the necessity of 
the present study.  Literature review is conducted in five related areas.  These are 
history of elastic wave theories, elastic waves in piezoelectric materials, piezoelectric 
actuators and sensors, application of elastic waves in NDE, and analysis of IDT.  
The second chapter studies shear wave propagation in piezoelectric layered semi-
infinite media and piezoelectric layered cylinder.  The piezoelectric coupling effect on 
the wave dispersion characteristics is investigated. 
The third chapter extends the study of one-dimensional waves, namely, shear 
waves, in the second chapter to two-dimensional waves, namely, plane strain waves, in 
piezoelectric layered structures.  This provides the background to the study of 
excitation of Lamb waves for NDE. 
Having obtained the free wave modes in piezoelectric layered structures, the 
excitation of waves by IDT is studied in the fourth chapter.  An analytical model is 
established to describe the excitation and propagation of Lamb waves by IDT.  The 
amplitudes of the excited Lamb modes are obtained when the excitation electrical 
signals are applied. 
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In the fifth chapter, the analytical model is employed to design an efficient IDT for 
practical NDE in plates.  The geometrical parameters of IDT are discussed, with 
emphasis on their effects with respect to excitation strength and mode selectivity.  
Based on the optimal design, mobile double-sided IDT is fabricated in-house.   
The sixth chapter presents the experiments conducted to prove the efficiency and 
accuracy of the designed IDT and accompanying procedure for NDE of plates.  Two 
aluminum plates, one with a linear deep crack and the other with a piecewise linear 
shallower crack, are used for this purpose. 
The last chapter concludes with a summary of the findings of this study and 








Fig. 1.1  Structure of an interdigital transducer 
 
16 
Chapter 2  Shear Horizontal (SH) Wave in Piezoelectric 
Layered Structures 
 
The study of piezoelectric layers or patches bonded on a substrate has practical 
significance.  Such structure can be used for vibration control, noise suppression and 
structural health monitoring.  The interaction of the piezoelectric layers or patches with 
a substrate is important to proper understanding of the behavior of the coupled 
structure. 
In general, elastic waves in solids can be uncoupled into shear horizontal (SH) 
waves and plane strain waves (see Appendix A).  Propagation of SH waves is a one-
dimensional problem while propagation of plane strain waves is two-dimensional.  The 
study of the electro-mechanical coupling effect and the interaction between 
piezoelectric layer and the substrate as a one-dimensional problem is first carried out.  
Specifically, SH wave propagation in piezoelectric layered semi-infinite structure and 
piezoelectric layered cylinder will be investigated in this chapter.  This forms the 
background for the study of plane strain waves propagation to be discussed in the next 
chapter.  
The materials of all substrate media including semi-infinite media, cylinders and 
plates discussed in this dissertation are assumed to be homogenous and isotropic. Most 






2.1 SH Wave in Piezoelectric Layered Semi-infinite Media 
2.1.1 Formulation  
Consider a semi-infinite medium (substrate) covered by a piezoelectric layer as 






44 uuc &&ρ=∇ ,         (2.1) 
where c44’ is the elastic stiffness constant (see Appendix A for explanation of the 
subscripts), u1’ is the particle displacement in the x1-direction and ρ’ is mass density, 
the prime notation is used to refer to the substrate medium,   is the Laplace operator 











∂=∇          (2.2)  
From the strain-displacement equation (A.2) and constitutive equation of the substrate 







∂=          (2.3) 
where T13’ denotes shear stress in the x1-x2 plane. 
Combining eqs. (A.1), (A.15) to (A.18), the coupled equations for the piezoelectric 
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where e and Ξ is the piezoelectric and dielectric constants, respectively, and φ is the 
electrical potential. From the strain-displacement equation (A.2) and piezoelectric 











∂= φ         (2.6) 
Consider the case where the surfaces of the piezoelectric layer are electrically 
shorted and the top surface of piezoelectric layer is traction-free.  The boundary 
conditions are: 
(i) at x3 = 0, 
u1 = u1’          (2.7) 
T13 = T13’          (2.8) 
 φ = 0           (2.9) 
(ii) at x3 = -h, 
 T13 = 0                   (2.10) 
φ = 0                   (2.11) 
 The solutions of u1’ for wave propagation in the x2-direction in the substrate can be 
expressed as 
                  (2.12) )(31 2)(''
kxtiexfu −= ω
where ω is the angular frequency, t is time variable, k is wavenumber.  The two wave 
parameters are related to the phase velocity v by ω = kv.  Substitution of eq. (2.12) into 






fd κ                            (2.13) 
where , and V)'/1()'/'(' 22
22
44
222 Vvkck −=−= ωρκ 2’ is the shear wave velocity for 
the substrate defined by eq. (A.14). 
When ' , , the solution to eq. (2.13) yields a non-decaying harmonic 
solution.  This physically implies that the propagating wave is carrying energy away 
from the surface to the depth of the semi-infinite medium.  For wave characteristics in 
2Vv > 0'2 <κ
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the piezoelectric layer and in the substrate material just beneath the layer, the condition 
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The term  implies that the energy of the wave increases to infinity in the x3'xeκ 3-




23'' kxtix eeAu −−= ωκ                  (2.15) 
Substituting eq. (2.15) into eq. (2.3) gives the stress distribution as 
)('
44113
23'''' kxtix eecAT −−−= ωκκ                 (2.16) 
To solve the coupled eqs. (2.4) and (2.5) for the piezoelectric layer, let 
1
11
15 ueεφψ −=                   (2.17) 
Equation (2.5) becomes 
02 =∇ ψ ,                         (2.18) 
where its solution is  
)(
21
233 )( kxtikxkx eeBeB −− += ωψ                          (2.19) 
Substituting eq. (2.5) into eq. (2.4) results in 
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44 uuc &&ρ=∇                   (2.20) 
where 11
2
154444 / Ξ+= ecc  is the piezoelectric stiffened elastic constant.  Solution to eq. 
(2.20) can be expressed as 
)(
211
233 )( kxtixx eeCeCu −− += ωκκ                          (2.21) 
where , and  V22
222 /Vk ωκ −= 2 is the shear wave velocity of the piezoelectric layer 
defined in eq. (A.23). 
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The solution of electrical potential is achieved by substituting eqs. (2.19) and (2.21) 
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ωκκφ                      (2.22) 
The distribution of shear stresses is obtained by substituting eqs. (2.21) and (2.22) 
into eq. (2.6), 
)(
2115214413
23333 )]()()()[( kxtikxkxxx eeBeBekeCeCcT −−− −−+−−= ωκκκ                 (2.23) 
 
2.1.2 Dispersion Relation 
Substitution of the wave solutions both in the piezoelectric layer and in the 
substrate into the five boundary conditions eqs. (2.7) to (2.11) gives a system of 5 
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Denoting the 5×5 matrix in eq. (2.24) as [Rij], (i,j=1-5), the non-trivial solution of A1’, 
B1, B2, C1 and C2 will be obtained only if the determinant vanishes 
0=ijR .                            (2.25) 
Equation (2.25) is the dispersion equation for the wave propagation in the 
piezoelectric layered semi-infinite structure. 
 
2.1.3 Numerical Results and Discussions 
To illustrate the solution in section above, consider the case where piezo-ceramics 
is used for the piezoelectric layer and steel is used for the substrate medium.  The 
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material properties are listed in Table 2.1 along with their shear wave velocities 
calculated from eq. (A.14) for metallic materials and eq. (A.23) for piezoelectric 
material.  A surface wave for piezoelectric material in which the mechanical field is 
accompanied by the electrical field can be present, known as the Bleustein-Gulyayev 















ek .  For the materials used here, VB = 2181m/s. 
The dispersion curves of the SH wave for this structure are plotted in fig. 2.2.  The 
non-dimensional phase velocity is taken as BVvv /=  and the non-dimensional 
wavenumber is taken as khk = .  As illustrated in fig. 2.2, the phase velocities for the 
first four modes are less than the shear velocity in the steel substrate.  For the first 
mode, the phase velocity tends to the Bleustein-Gulyayev wave velocity for large 
wavenumber.  The reason of this phenomenon is that the surface wave for the 
piezoelectric layer becomes dominant when the wavenumber is large compared with 
the thickness of the layer.  The wave velocities of the higher modes are asymptotic to 
the shear velocity of the piezoelectric layer.  As illustrated in eq. (A.23), the 
piezoelectricity stiffens the piezoelectric layer, hence raises the shear velocity of the 
piezoelectric layer.  Thus the electro-mechanical coupling effect of this coupled 





2.2 SH Wave in Piezoelectric Layered Cylinders 
2.2.1 Formulation 
The model under consideration involves a long cylinder of radius a covered by a 
piezoelectric material of uniform thickness h (see fig. 2.3).  The equations of motion 
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∂=                   (2.28) 
θθ ∂
∂= zz urS
1 ,                  (2.29) 
Srθ = 0.                                        (2.30) 
The pertinent constitutive relations for the piezoelectric layer can be reduced to  
Tθz = c44Sθz – e15Eθ                  (2.31) 
Trz = c44Srz – e15Er                  (2.32) 
DEr = e15Srz + Ξ11Er                 (2.33) 
DEθ = e15Sθz + Ξ11Eθ                 (2.34) 
Substituting eqs. (2.28) to (2.34) into eqs. (2.27) and (A.15) yields the coupled 
governing equations of mechanical displacement and electrical potential, 
zz ueuc &&ρφ =∇+∇ 215244                             (2.35) 
,0211
2
15 =∇Ξ−∇ φzue                            (2.36) 
which can be simplified as 
zz uuc &&ρ=∇ 244                                 (2.37) 
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and                       (2.38) 02 =∇ ψ
where ψ = φ − (e15 / Ξ11)uz                 (2.39) 






∂= φ1544                              (2.40) 
The corresponding equations for the cylinder core are 
'                                          (2.41) ''' 244 zz uuc &&ρ=∇
r
ucT zrz ∂
∂= ''' 44                             (2.42) 
where prime notation denotes variables related to the core. 
It is assumed that the poling direction of the piezoelectric layer coincides with the 
z-axis and the surfaces of the layer are electrically shorted.  Hence, the electrical 
potential throughout both faces of the piezoelectric layer is zero.  The outside surface 
of the layer is traction-free and the continuity conditions should be satisfied at the 
interface.  The boundary conditions can thus be summarized as 
φ = 0,         at r = a + h                          (2.43) 
Trz = 0,       at r = a + h                          (2.44) 
φ = 0,         at r = a                    (2.45) 
uz = uz’,     at r = a                  (2.46) 
Trz = Trz’,   at r = a                  (2.47) 
The harmonic wave solution for both the cylinder core and piezoelectric layer can 
be represented as 
arerUtru tpizz ≤≤= − 0,)(),,( )('' ωθθ                          (2.48) 
haraerUtru tpizz +≤≤= − ,)(),,( )( ωθθ                                 (2.49) 
haraertr tpizz +≤≤= − ,)(),,( )( ωθψθφ                        (2.50) 
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where p is the angular wavenumber.  Substituting eqs. (2.48) to (2.50) into the 


































d ψψψ                 (2.53) 
where , and µωρ /' 22 =lq 4422 / cqc ρω= . 
Solutions to eqs. (2.51)-(2.53) give 
arerqAJu tpilpz ≤≤= − 0,)( )(' ωθ                       (2.54) 
haraerqCYrqBJu tpicpcpz +≤≤+= − ,)]()([ )( ωθ                        (2.55) 
haraeErrD tpipp +≤≤+= −− ,)( )( ωθφ                        (2.56) 
where Jp (z) and Yp (z) are Bessel functions of the first and second kind, respectively.   
 
2.2.2 Dispersion Relation 
Utilizing boundary conditions of eqs. (2.43) to (2.47) yields a system of five 
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−= ρcvV aa                  (2.62) 
Setting the determinant of coefficients of eqs. (2.57) to (2.61) to be zero results in 











































































 =0 (2.63) 
where 2/144 )'/'( ρµρς c= , τ = (1+h/a).  
 
2.2.3 Numerical Results and Discussions 
The piezoelectric effect on the dispersion characteristics of SH wave on the surface 
of the cylinder is studied numerically in this section.  The dispersion curves for the 
first four mode shapes are obtained and the effects of different core materials as well as 
for different thickness of the piezoelectric layer are investigated.   
 
2.2.3.1 Dispersion Curves of Different Mode Shapes 
The case of an aluminum cylindrical core of radius 0.1m wrapped with a 
piezoelectric layer of thickness 0.01m (i.e. h/a = 0.1) is considered.  Using eq. (2.63), 
the dispersion curves Va as a function of p for the first four mode shapes are computed 
and shown in fig. 2.4.  It can be seen that as the wavenumber increases, the phase 
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velocity of each mode decreases.  When the wavenumber is large, the curves approach 
asymptotically to constant values corresponding to the phase velocity of the Bluestein-
Gulyayev-Love wave of a piezoelectric coupled plate structure (Curtis and Redwood, 
1973).  This is consistent in view of the fact that when wavenumber is large relative to 
the curvature of the cylindrical surface, the cylindrical problem can be reduced to a 
plane problem. 
It should be noted that at the practical range of wavenumber (p>10) the dispersion 
curves are rather flat, which means that the SH waves propagates with very little 
dispersion.  This simplifies the design and fabrication of wide bandwidth devices. 
 
2.2.3.2 Dispersion Curves of Cylinders with Different Core Materials 
To study the significance of the coupling effect due to different core materials, 
three materials, namely, aluminum, steel and gold are considered.  The geometric 
parameters are kept constant and same as those specified in section 2.2.2.1, namely, a 
= 0.1m and h/a = 0.1.  The dispersion curves for the first mode are plotted in fig. 2.5.  
For comparison purpose, the dispersion curves for a pure piezoelectric cylinder and a 
pure gold cylinder are also plotted. 
It is noted that the phase velocity of both the coupled steel cylinder and the coupled 
aluminum cylinder approaches the value denoted as VI, while that of the coupled gold 
cylinder is relatively lower, denoted as VII.  In the case of the coupled aluminum and 
steel cylinders, the softer material is the piezoelectric layer which has an asymptotic 
phase velocity corresponding to that of the Bluestein-Gulyayev-Love wave, i.e. 
piezoelectric shear wave velocity, denoted as V2p  (Chen, 1973).  Hence, it is not 
surprising that VI = V2p.  In the case of the coupled gold cylinder, since gold is slightly 
softer and denser, the asymptotic phase velocity may not necessary approach V2p.  In 
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fact, the asymptotic phase velocity in the piezoelectric layer VII falls in between V2p 
and V2g, where V2g is the shear wave velocity of gold media. 
For low wavenumber, it is noted that the phase velocities of the coupled cylinders 
follow closely that of the respective shear wave propagation velocity V2 of core 
materials.  These shear wave velocity for the materials considered herein are tabulated 
in Table 2.1.  It can be seen that V2s >V2a >V2p >V2g, where V2s and V2a are the shear 
wave velocity for steel and aluminum media, respectively.  Due to the relatively lower 
V2 of the piezoelectric material, the coupling effect contributed by the piezoelectric 
layer lowers the phase velocity of the coupled aluminum cylinder or that of the 
coupled steel cylinder.  In contrast, since V2p >V2g, the coupling effect of the 
piezoelectric layer induces a higher phase velocity for the coupled gold cylinder with 
the dispersion curve of the pure piezoelectric cylinder as the upper bound.  
 
2.2.3.3 Dispersion Curves of Different Thickness of Piezoelectric Layer 
From eq. (2.63), the fourth and fifth columns can be divided by ap and the second 
and fifth rows can be divided by a-1, noting the fact that Jp’ contains the factor a-1.  
Hence, the radius a can be removed from the dispersion equation and the controlling 
geometrical parameter is the thickness ratio, h/a.  The effect of the thickness of the 
piezoelectric layer can be studied numerically by varying h/a.  In eq. (2.63), Va is used, 
which corresponds to the velocity at the interface.  To obtain the velocity at the outer 
surface, the ratio Va+h / Va = (a+h)/h is used.  The dispersion curves (based on Va+h) of 
the coupled aluminum cylinder with piezoelectric layer of different thickness are 
plotted in fig. 2.6. 
It is noted that as the thickness of piezoelectric layer increases, the phase velocity 
decreases.  This can be explained by the fact that shear wave velocity of piezoelectric 
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layer is slower than that of aluminum core.  As the thickness of the layer increases, the 
coupling effect increases resulting in a lower phase velocity.  It can be observed that 
V2p is reached at lower wavenumber as the thickness increases.  However, the lower 
bound is limited by the dispersion curve of a pure piezoelectric cylinder given in fig. 
2.5.  This is especially noticeable for h/a beyond the threshold ratio of 0.08.  Similar 
trends are observed for the case of the piezoelectric layered cylinder with a steel core. 
The shear wave velocity V2 of the piezoelectric layer is higher than that of gold. 
Thus it is expected that as the thickness of the layer increases, the phase velocity of the 
coupled gold cylinder should increase from that of a pure gold cylinder, which agrees 
with fig. 2.7.  As in the case of the aluminum cylinder, the increase in phase velocity 
and the wavenumber at which the asymptotic velocity is reached is bounded by the 
dispersion curve of the pure piezoelectric cylinder. 
 The data and curves obtained in this section show that SH waves in piezoelectric 
coupled cylinder propagate with very little dispersion in the practical wavenumber 
range. This makes the waves desirable in the design and fabrication of wide bandwidth 
devices.  The results of this section could be used to help in the design of piezoelectric 
coupled cylindrical elements. 
 
2.3 Concluding Remarks 
SH waves in piezoelectric layered semi-infinite media and cylinders have been 
investigated in this chapter.  Though SH waves are theoretically simpler than 2-
dimensional waves, for example, plane strain waves, SH waves have limited 
application in NDE because it is difficult to excite SH waves in practical structure.  
Further work concentrates on the propagation of plane strain waves in piezoelectric 


































































































Fig. 2.4  Dispersion curves for piezoelectric layered cylinder 
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 Fig. 2.5  1st mode dispersion curves of cylinder with different core material 
 






























Fig. 2.6  1st mode Dispersion curves of aluminum cylinder with piezoelectric layer of 
different thickness 
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Fig. 2.7  1st mode dispersion curves of gold cylinder with piezoelectric layer of 
different thickness 
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Table 2.1 Material properties 
 
 Aluminum Steel Gold Piezo-ceramics
ρ(×103 kg / m3 ) 2.8  7.8  19.0 7.4  
c11( ×1010N/ m2 ) 10.2 25.4 20.7 12.3 
c33( ×1010N/ m2 ) _ _ _ 11.2 
c44( ×1010N/ m2 ) 2.7  7.6  2.8 1.9  
c12( ×1010N/ m2 ) _ _ _ 7.7 
c13( ×1010N/ m2 ) _ _ _ 8.0 
e15 ( k / m2 ) _ _ _ 14.5 
e33 ( k / m2 ) _ _ _ 17.2 
e31 ( k / m2 ) _ _ _ -7.3 
ε11 (farad / m ) _ _ _ 9.2 × 10-9
ε33 (farad / m ) _ _ _ 6.6 × 10-9
Curie point (oC) _ _ _ 320 
V1 ( m / s ) 6.03 × 103 5.71 × 103 3.30 × 103 4.08 × 103
V2 ( m / s ) 3.11 × 103 3.12× 103 1.17 × 103 2.38 × 103
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Chapter 3  Plane Strain Waves in Piezoelectric Layered 
Structures 
 
SH waves are one-dimensional waves with particle displacement constrained in 
one direction perpendicular to wave propagation direction while plane strain waves are 
two-dimensional waves with particle displacement constrained in a plane parallel to 
the wave propagation direction (see appendix A.2).  The propagation of SH waves in 
piezoelectric layered semi-infinite media and piezoelectric layered cylinders have been 
studied in the last chapter.  The electro-mechanical coupling effect has been found to 
increase the phase velocity of SH waves in piezoelectric coupled structures.  In this 
chapter, the propagation of plane strain waves in piezoelectric coupled structures is 
studied.  First, the propagation of plane strain waves in piezoelectric layered semi-
infinite media is investigated.  Next, attention is paid to the propagation of plane strain 
waves in piezoelectric layered plates.  This will provide the base for the study of 
excitation of plane strain waves and Lamb waves for NDE application in plates in the 
next chapter. 
In the case of piezoelectric layered semi-infinite media, the wave equations are 
represented explicitly in real form.  This not only provides a physical dimension to the 
solution, but also defines the domain to search for the eigen solution and is therefore a 
preferred representation.  However, this can become intractable for the case of 
piezoelectric layered plates, and the complex form is used to facilitate compact 
derivation without affecting the end results.  Complex wavenumber has to be used to 
represent the partially evanescent wave components.  
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3.1 Plane Strain Waves in Piezoelectric Layered Semi-infinite Media 
3.1.1 Constitutive Equations 
Compared to the one-dimensional SH waves discussed in last chapter, plain strain 
























































  (3.1) 
where the notations are defined in Appendix A.  Correspondingly, more terms of stress 






























           (3.2) 
It is assumed that a state of plane strain parallel to the x2-x3 (or alternatively, x1-x3) 
plane exists and the propagation of waves in the x2-direction (or for x1-x3 plane, x1-
direction) is considered.  Substituting eqs. (3.1) and (3.2) into eqs. (A.1) and (A.15), 
the electro-mechanical coupled equations of motion in terms of the mechanical 


















            (3.3) 
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The governing equation for the substrate material can be obtained by setting the 













                (3.4) 
where the material properties of the substrate are differentiated from the piezoelectric 
material using the  prime notation. 
 
3.1.2 Wave Equations in Piezoelectric Layer 
Consider the free wave propagation in the x2-direction (along x2-x3 plane), 




















                (3.5) 
where k is the wavenumber, v the phase velocity, A, B and C are constants, and b is a 
parameter to be determined. 



























































       (3.6) 
where a non-trivial solution for A, B and C (or A, α and β) requires that  
0=Κ                    (3.7) 
For a specific value of v there are six roots for b, each root represents a partial solution 
corresponding to one possible wave component in the piezoelectric layer.  The real and 
imaginary roots correspond to the non-propagating and propagating wave components, 
respectively. 
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It can be shown that for v<V2, where V2 is the shear wave velocity of the 
piezoelectric layer, four roots of b in eq. (3.6) contain both real and imaginary parts 
and two roots are real.  Since no imaginary roots are obtained, the propagating wave in 
the piezoelectric layer in this velocity range is not harmonic (Parton and Kudryavtsev, 
1988).  For , the roots of b are either real or imaginary, taking the form (±p2Vv ≥ 1i, 
±p2, ±p3) for  or (±p12 VvV <≤ 1i, ±p2i, ±p3) for , where 1Vv ≥ ρ/111 cV =  is the 
compressional wave propagation velocity and pi, i = 1, 2, 3 are positive and real.  
Based on the above solution ranges, eq. (3.5) can be re-written in two different 












































   (3.8)    
where Di, i = 1 to 6, are constants.  The eigen-solutions (pi, αi, βi, i = 3, 4, 5, 6) can be 
obtained from eq. (3.6) whereas (p1, α1, β1) and (p2, α2, β2) can be obtained respectively 




























































































D            (3.10) 








































αααα              (3.11) 
where the eigen-solutions (p1, α1, β1)  and (p3, α3, β3) can be obtained from eq. (3.9), 
(p2, α2, β2)  and (p4, α4, β4)  from eq. (3.10), and (p5, α5, β5) and (p6, α6, β6) from eq. 
(3.6). 
 
3.1.3 Wave Equations in Semi-infinite Medium 
Similarly, the free wave propagation in the x2-direction in the semi-infinite medium 
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           (3.13) 
For a specific value of v, there are four roots for b’ from the equation 
0' =Κ                   (3.14) 
Depending on v, these four roots can take three different forms, namely, b’= (±p1’, 
±p2’) or (±p1’i, ±p2’) or (±p1’i, ±p2’i), where p1’ and p2’ are positive and real.  The three 
forms correspond respectively to '2Vv < , '' 12 VvV <≤  and , where '1Vv ≥
'/'' 111 ρcV =  is the compression wave velocity, '/'' 442 ρcV =  is the shear wave 
velocity, both of the substrate medium, and V1’>V2’.  The component  represents 
wave moving in the negative x
3'ikxpie−
3-direction whereas the case considered here is from the 
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piezoelectric layer in the positive x3-direction.  The component implies wave 
energy increasing to infinity as x
3'kxpie
3 increases.  Both cases are physically inconsistent and 
should be discarded.  Only two roots with three possible forms, namely b’= (-p1’, -p2’) 
or (p1’i, -p2’) or (p1’i, p2’i), are consistent with harmonic wave propagation in a semi-
infinite medium.  
In view of the above considerations, eq. (3.12) can be re-written in three different 























αα               (3.15) 
where D1’, D2’ are constants.  The eigen-solutions (p1’, α1’) and (p2’, α2’) can be 
obtained from eq. (3.13).  



















ααα     (3.16) 
















































D              (3.18) 
and (p3’, α3’)  from eq. (3.13).  














ααα                (3.19) 
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where (p1’, α1’) and (p3’, α3’) can be obtained from eq. (3.17), and (p2’, α2’) and (p4’, α4’) 
from eq. (3.18). 
 
3.1.4 Boundary Conditions 
The top surface of the piezoelectric layer is traction-free and electrically shorted, 
that is, at x3 = -h, 
T33 = T23 = φ = 0                (3.20) 
The interface between the piezoelectric layer and substrate medium is electrically 
shorted.  Hence at x3 = 0, 
φ = 0                 (3.21) 









              (3.22)  
 
3.1.5 Dispersion Relations 
Substituting eq. (3.8) or (3.11) and eq. (3.15) or (3.16) or (3.19) into the boundary 
conditions given by eqs. (3.20) to (3.22), in view of eqs. (3.1) and (3.2), yield six 
different sets of eight homogeneous equations for Di, i = 1 to 6 and ' , i = 1 to 2.  
The dispersion equations can be obtained considering the existence of non-trivial 
solution. 
iD
The six sets can be further reduced depending on the properties of the semi-infinite 
medium and the piezoelectric layer.  For piezo-ceramics and aluminum (see Table 2.1 
for material properties), V2<V2’<V1<V1’.  Coupled with the condition  reduces to 
only four different sets of eight homogenous equations.   
2Vv ≥
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For '22 VvV <≤ , the wave in the piezo-ceramics layer consists of two propagating 
components (b = ±p1 i) and four non-propagating components (b = ±p2, ±p3) while the 
wave in the aluminum medium comprises two non-propagating components (b’ = −p1’, 
−p2’).  Using eqs. (3.8) and (3.15), the resultant system of eight equations can be 




























































ββββ            (3.23c) 
06655443311 =++++ βββββ DDDDD             (3.23d) 
0'' 2165432 =−−++++ DDDDDDD                (3.23e) 
































         (3.23h) 
Let the coefficient matrix be denoted as , where m, n = 1 to 8.  The wave 
dispersion equation can be obtained by imposing the condition of existence of non-
trivial solution, that is, 
)1(
mnR
0)1( =mnR                  (3.24) 
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Thus, for a given value of phase velocity v, the wavenumber k is solved through eq. 
(3.24).  Similar equations can be written for the remaining three ranges of ν. 
For 12 ' VvV <≤ , the wave in the piezo-ceramics layer consists of four propagating 
components (b = ±p1 i) and four non-propagating components (b = ±p2, ±p3) while the 
wave in the aluminum medium comprises one propagating component (b’ = −p1’i) and 
one non-propagating component (b’ = −p2’).  Equations (3.8) and (3.16) are used to 





























































           (3.25c) 
06655443311 =++++ βββββ DDDDD              (3.25d) 
0'' 2165432 =−−++++ DDDDDDD             (3.25e) 
































  (3.25h) 
The coefficient matrix [ ])2(mnR  of eqs. (3.25) should be singular, or equivalently,  
0)2( =mnR .                   (3.26) 
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where m, n  = 1 to 8. 
For '11 VvV <≤ , the wave in the piezo-ceramics layer consists of four propagating 
components (b = ±p1i, ±p2i) and two non-propagating components (b = ±p3) while the 
wave in the aluminum medium comprises one propagating component (b’ =  p1’i) and 
one non-propagating component (b’ = −p2’).  Hence, eqs. (3.11) and (3.16) are used to 













































ββββ           (3.27c) 
066553311 =+++ ββββ DDDD              (3.27d) 
0'' 216542 =−−+++ DDDDDD               (3.27e) 

































The coefficient matrix [ ])3(mnR  of eqs. (3.27) should be singular, or equivalently, 
0)3( =mnR .                   (3.28) 
where m, n = 1 to 8. 
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For , the wave in the piezo-ceramics layer consists of four propagating 
components (b = ±p
vV ≤'1
1i, ±p2i) and two non-propagating components (b = ±p3) while the 
wave in the aluminum medium comprises 2 propagating components (b’ = p1’i, p2’i).   















































         (3.29c) 
066553311 =+++ ββββ DDDD               (3.29d) 
0'' 216542 =−−+++ DDDDDD              (3.29e) 
































         (3.29h) 
The coefficient matrix [ ])4(mnR  of eqs. (3.29) should be singular, or equivalently, 
0)4( =mnR .                   (3.30) 
where m, n  = 1 to 8. 
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For a given value of v, the eigen-solution (kh, Di, Di’) can be obtained from one of 
the above four sets of equations, namely eqs. (3.24), (3.26), (3.28) and (3.30), where 
kh is the wavenumber, non-dimensionalised by the thickness of the piezoelectric layer.  
The shape of the distribution of strains and potentials inside the piezoelectric layer is 
obtained subsequently from eqs. (3.8) or (3.11) and that of the strains inside the semi-
infinite medium from eqs. (3.15), (3.16) or (3.19). 
 
3.1.6 Numerical Results and Discussions 
Using the material properties given in Table 2.1, the dispersion curves of the first 
five modes obtained based on the four phase velocity ranges are shown to be 
continuous in fig. 3.1.  The wavenumber is non-dimensionalized by the thickness of 
the piezoelectric layer as kh while the velocity is non-dimensionalized by the shear 
wave velocity of the substrate medium as v/V2’.  The phase velocities for the five 
modes are asymptotic to the shear wave velocity V2 of the piezoelectric layer as the 
product kh increases.  They increase to infinity as the product kh approaches zero.  
This phenomenon can be observed in most dispersion curves of various wave 
propagation problems.  Because the wavelength approaches infinity as the product kh 
approaches zero, it takes infinitesimally little time for the wave to travel inside the 
structure, that is, the phase velocity approaches infinity.  The crossing of 2nd mode 
with 3rd mode and 4th mode with 5th mode can be observed in fig. 3.1.  This crossing 
phenomenon of dispersion curves has been observed frequently in the problem of wave 
propagating in layered structures or fluid coupled structures (Rokhlin et al, 1989; Zhu 
and Mayer, 1993; Dickey et al, 1995; Motegi and Toda, 1999).  The coupling in 
layered structures complicates the wave characteristics resulting in distorted mode 
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shapes.  This may cause the wave propagation speed to change unevenly resulting in 
the crossing phenomenon. 
Figure 3.2, 3.3 and 3.4 are the first three mode shapes of the electrical potential 
distribution along the x3-direction in the piezoelectric layer at different wavenumbers, 
respectively.  In fig. 3.2, the first mode shape of the electrical potential at small 
wavenumber (k is approximately 0.75m-1) follows a half-cosine distribution.  As k 
increases, the first shape mode distorts into a combination of a half-cosine and a full-
cycle sine distribution and approaches a full-cycle sinusoidal distribution when k 
reaches a relatively higher value (approximately 1.75m-1).  As k increases further, the 
mode shape continues to distort.  It can be seen from fig. 3.3 that the same trend is 
observed for the second shape mode of the electrical potential.  The demarcating k 
values are approximately 0.75m-1 and 2.5m-1, respectively.  However, the higher mode 
shapes are much more complicated, as depicted by the third mode shape shown in fig. 
3.4.  The first two mode shapes of electrical potential displaying a half-cosine 
distribution at small wavenumber is consistent with the results of the SH wave 
propagation for the same structure (Wang et al, 2001). 
In vibration analysis, since only the basic modes are of interest, the assumption of 
half cosine distribution of potential is valid at small wavenumber.  For study related to 
higher frequency, the more precise model is a combination of a cosine distribution and 
a full-cycle sine distribution.  
 
3.2 Plane Strain Waves in Piezoelectric Layered Plates  
 
In previous section on propagation of plane strain waves in piezoelectric layered 
semi-infinite media, the wave equations are represented explicitly in real form, to 
provide a physical dimension to the solution which also define the domain to search 
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for the eigen solution.  The trade-off is the less compact representation, with separate 
formulation for different velocity range.  In this section on the propagation of plane 
strain waves in piezoelectric layered plates, the wave equations are represented in 
complex form to facilitate compact derivation but do not affect the end results. 
A 3-D sketch of the piezoelectric layered plate considered is given as fig. 3.5.  The 
origin of the Cartesian coordinate system is on the mid-plane of the substrate plate to 
facilitate simple expressions of Lamb waves in symmetric or anti-symmetric form. 
 
3.2.1 Wave Equations in Piezoelectric Layer 
The governing eqs. (3.3) and (3.4) for the piezoelectric layer and substrate are still 
valid.  For the piezoelectric layer, instead of eq. (3.5), the wave equations are written 
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  (3.32) 
where a non-trivial solution for A, B and C (or A, α and β) requires that  
0=Κ                   (3.33) 
For a specific value of v, there are six roots for b.  Each root yields a partial 
solution and represents one possible wave component in the piezoelectric layer, where 
real and imaginary roots correspond to propagating and non-propagating wave 
components, respectively.  Irrespective of whether the roots are real, imaginary or 















































α                 (3.34) 
Equation (3.34) combines eqs. (3.8) and (3.11) into a single complex representation. 
 
3.2.2 Wave Equations in Substrate Plate 
The wave equation for the substrate plate can similarly be represented in a complex 
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           (3.36) 
For a specific value of v, there are four roots for b’ for the equation 
0' =Κ                   (3.37) 
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3.2.3 Boundary Conditions 
All the boundary conditions in eqs. (3.20) to (3.22) apply to the coupled 
piezoelectric plate.  In view of the origin being located in the mid-plane of the 
substrate plate, those boundary conditions are re-expressed as 
T33 = T23 = 0, at x3 = -h-d.               (3.39) 
φ = 0, at x3 = -h-d.               (3.40) 









  at x3 = -d             (3.42)  
In addition, two more traction-free boundary conditions are introduced for the bottom 
surface of the substrate plate, namely, 
T33 = T23 = 0, at x3 = d.               (3.43) 
 
3.2.4 Dispersion Relations  
Substituting eqs. (3.34) and (3.38) into the boundary conditions given by eqs. (3.39) 
to (3.43), in view of eqs. (3.1) and (3.2), yield a set of 10 homogeneous equations for 



































































































































jecbcD α               (3.44j) 
Equation (3.44) is a single representation of eqs. (3.23), (3.25), (3.27) and (3.29).  The 
dispersion equations can be obtained from eq. (3.44) using the condition of existence 
of non-trivial solution. 
 
3.2.5 Numerical Results and Discussions  
As an illustration, a 1mm thick piezoelectric layer bonded onto a 2mm aluminum 
plate (thickness ratio of piezoelectric layer = 1/2) is considere where the material 
properties given in Table 2.1.  The dispersion curves of the first five modes are plotted 
in fig. 3.6 where the wavenumber is non-dimensionalized by multiplying the thickness 
(2d) of the substrate plate, and the phase velocity is non-dimensionalized by dividing 
the shear wave velocity (V2’) of the substrate plate.  The dispersion curves are similar 
to those of Lamb modes obtained for a 2mm aluminum plate (given in fig. B.2), except 
that the phase velocities in the present case are smaller.  This is due to the fact that the 
piezoelectric layer is “softer” or less stiff and hence lowers the phase velocities of the 
plane strain wave modes in the layered plate.  Note that smaller stiffness implies 
smaller compression wave velocity and shear wave velocity, that is, V1<V1’ and V2<V2’. 
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To investigate the effect of the thickness of the piezoelectric layer, a very thin layer, 
say 0.1mm (piezoelectric thickness ratio = 1/20), bonded onto a 2mm aluminum plate 
is studied.  The dispersion curves of first five modes are plotted in fig. 3.7.  The 
corresponding curves for a non-layered plate are also plotted for comparison.  Since 
the piezoelectric layer is rather thin, the dispersion curves of the layered structure are 
very close to Lamb modes, especially the lowest two modes.  The coupling effect of 
the very thin layer slightly lowers the phase velocities of the layered structure. 
Considering the first case where the piezoelectric to substrate layer thickness ratio 
is 1/2, both the electrical field and the acoustic field of the first two modes were 
calculated at 600kHz frequency.  The frequency chosen here is to facilitate comparison 
with experimental results obtained in later chapters.   As illustrated in fig. 3.8, the 
potential of the first mode in the piezoelectric layer follows a half-cosine distribution, 
while that of the second mode tends to distort into a full sine distribution, consistent 
with the results obtained for the piezoelectric layered semi-infinite media.  The stress 
distributions of T33 and T32 and the displacement distributions of u2 and u3 in the 
piezoelectric layered plate are plotted in fig. 3.9 to fig. 3.12, respectively.  The 
amplitudes are non-dimensionalized by their respective maximum value.  The traction-
free surfaces and the continuity of stresses and displacements between the piezoelectric 
layer and the substrate plate can be observed.  Furthermore, the first mode of T33 (fig. 
3.9) and u2 (fig. 3.11) in substrate plate exhibit distorted symmetric mode shape, while 
that of T32 (fig. 3.10) and u3 (fig. 3.12) in substrate plate exhibit distorted anti-
symmetric mode shape.  In comparison with the mode shape of Lamb modes given in 
fig. B.1, the first mode of the piezoelectric layered plate can be identified to 
correspond to the lowest symmetric Lamb mode, S0, distorted by coupling of the 
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piezoelectric layer.  Similarly, the second mode can be identified with the lowest anti-
symmetric Lamb mode, A0. 
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Fig. 3.2  Distribution of potential of 1st mode shape along x3-direction in piezoelectric 
layer for different wavenumbers. 
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Fig. 3.3  Distribution of potential of 2nd mode  shape along x3-direction in piezoelectric 

























Fig. 3.4  Distribution of potential of 3rd mode shape along x3-direction in piezoelectric 






























































































Fig. 3.8  Distribution of potential of first two modes in piezoelectric layer at 600kHz 
frequency 
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Fig. 3.10  Distribution of T32 of first two modes in piezoelectric layered plate at 
600kHz frequency 
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Fig. 3.12  Distribution of u3 of first two modes in piezoelectric layered plate at 600kHz 
frequency 
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Chapter 4 Excitation of Plane Strain and Lamb Waves 
by IDT in Plates 
 
The previous two chapters concentrate on the propagation of elastic waves (SH and 
plane strain waves) in piezoelectric layered structures, in which the electro-mechanical 
coupling effect and interaction between piezoelectric layer and substrate media have 
been studied.  The excitation is realized by applying electrical signals to the 
piezoelectric layer.  The piezoelectricity produces mechanical waves through the 
electro-mechanical coupling effect.   
In this chapter, the excitation of elastic waves using an inter-digital transducer 
(IDT) bonded onto a substrate plate is investigated.  The integrated part of the structure 
comprising the IDT and part of the substrate plate beneath it is considered as the near 
field, while the remaining part of the substrate plate is considered as the far field.  
When electrical signals are applied on the IDT, plane strain waves are excited in the 
near field, which then propagate into the far field as Lamb waves (see Appendix B) 
under traction-free boundary condition. 
Section 4.1 provides the near field analysis by using spatial Fourier transform.  Far 
field solution is presented in section 4.2, in which orthogonality of Lamb modes is 
discussed.  The amplitudes of Lamb modes excited by IDT are solved in section 4.3 by 
connecting the near field and far field solutions.  The transfer functions obtained are 
compared with published literature in section 4.4.  Lastly, numerical and experimental 





4.1 Near Field Analysis 
4.1.1 Plane Strain Wave Modes of Piezoelectric Layered Plates 
For the case where the length of the fingers (see fig. 1.1) is long enough to neglect 
transverse effects (such as diffraction and scattering), and employing the plane strain 
assumption, the structure of IDT for the application of NDE may be represented by a 
two-dimensional (2-D) model (fig. 4.1).  When high frequency electrical signals from 
alternating voltages are imposed on the two groups of metallic fingers of the IDT, the 
piezoelectric effect generates mechanical waves.  To model this phenomenon, the 
interaction between the IDT and the substrate plate, including the electro-mechanical 
coupling effect, needs to be accounted. 
The metallic fingers on top of the piezoelectric layer act as periodically spaced 
electrodes through which electrical loads can be imposed.  Compared to the substrate, 
the inertia effect of the metallic fingers is small and may be neglected.  Hence, when 
no electrical excitation is applied, wave propagation in the near field of the IDT 
structure is the same as that of a piezoelectric layered plate (fig. 3.5) studied in the 
previous chapter.  For this case, the electromechanical coupling effect is modeled in eq. 
(3.3) and imposing the boundary conditions given by eqs. (3.39) to (3.43) leads to the 
10×10 matrix of eq. (3.44).  Subsequently, plane strain wave modes propagating in the 
integrated structure (i.e. near field) are obtained as in fig. 3.6. 
 
4.1.2 Modeling of Electrical Input from IDT 
It is first assumed that the width of fingers is infinitely small (this assumption will 
be relaxed later) and the electrodes become a periodic line source.  If an electrical 
potential of amplitude φ0 is applied to each set of finger at 180° out of phase to one 
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another, the distribution of potential on the IDT surface may be approximated by a  







ωφφ −−−= =         (4.1) 
where ω is the angular frequency of the applied electrical signal and k is the 
wavenumber which is dependent on the geometry of the metallic fingers.  For this case 
where the spacing between the fingers is D, k =π / D.  
If the width of the fingers is finite, say a, the potential distribution on the IDT 
surface can be approximately modeled as a piecewise combination of cosine and 
constant functions as depicted in fig. 4.3.  The constant potential distribution on the 
fingers is based on Engan’s assumption (1969) and can easily be verified 
experimentally, while the half cosine potential distribution between fingers may be a 
good approximation.  Denoting this composite distribution as f(x2), its spatial Fourier 




−−= = 22 23 )(2
1)( dxexfk ikxdhx πφ       (4.2) 
This gives the potential distribution dhxk −−=3)(φ as a function of wavenumber k. 
 
4.1.3 Excitation at Arbitrary Wavenumber 
The potential distribution can be regarded as a boundary condition forced on the 
surface of the piezoelectric layer.  Hence the boundary condition of eq. (3.40) should 
be rewritten as 
)(kφφ = , at x3 = -h-d.               (4.3) 
To obtained the wave solution under the forced condition of eq. (4.3), the dispersion 
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jecbcD α               (4.5j) 
The solution to eqs. (4.5) gives Dj, j = 1 to 6 and D’j, j =1 to 4, which can then be 
substituted into the Fourier transformed (in the x2-direction) equivalent of eqs. (3.34) 
and eq. (3.38) to give the Fourier amplitude displacement ),( 3xku
v , using the values of 
αj, βj, bj and αj’, bj’ solved through eqs. (3.33) and (3.37), respectively.   
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4.1.4 Acoustic Fields by Inverse Spatial Fourier Transform 
The acoustic fields are represented as functions of wavenumber with respect to the 
x2 direction, where positive and negative k indicates waves propagating in +x2 and –x2 
direction, respectively.  Since both the structure and the excitation are symmetric about 
the x1-x3 plane, each wave mode propagates in both directions with the same amplitude.  
Hence, only acoustic fields associated with wave modes propagating in +x2 direction 
are discussed here.  The total displacement field can be obtained by taking the inverse 






1),( dkexkuxxu ikxvv π       (4.6) 
However, direct integration of eq. (4.6) cannot be obtained due to the existence of 
poles along the path of integration.  The latter correspond to the wavenumbers of the 
plane strain wave modes (near field modes) of the coupled structure at the excitation 
frequency, obtained from the condition of existence of non-trivial solution of eqs. 
(3.44).  They make the matrix of coefficients in eq. (4.5) singular.  Since the RHS of 
eq. (4.5) is non-zero, the solution to eq. (4.5) will be infinite, resulting in infinite 
amplitudes.  Therefore, direct integration along the real axis of the complex plane of k 
cannot be done and the path illustrated in fig. 4.4 is chosen to circumscribe all the 
poles. According to the residue theorem, the integration equals to the sum of the 














== vvv ππ   (4.7) 
where Res( ) is the residue of the function within the bracket. 
The displacement field ),( 32 xxu
v  is associated with all the plane strain wave 
modes propagating in the two-dimensional structure.  For the jth mode, the 
wavenumber kj obtained from the non-trivial solution of eqs. (3.44) can be substituted 
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into eq. (4.7) to obtain the solution associated with this mode.  The velocity  




v  with time.  For the substrate plate where -
d<x3<d, 











The stress ),( 32 xxT
v
 can be solved from ),( 32 xxu
v  by using constitutive relations in 









































    (4.9) 
In summary, the acoustic field excited by IDT in the near field is obtained as a sum 
of near field modes extracted from the dispersion curves (fig. 3.6) at the excitation 
frequency by computing the residues of eqs. (4.5). 
 
4.2 Far Field Analysis 
The plane strain waves propagating in the far field are Lamb waves under traction-
free boundary condition described by eqs. (B.7).  The theory of Lamb waves in 
uncoupled plate structure can be found in textbooks and for completeness, a summary 
of relevant information is given in Appendix B.  The symmetric and anti-symmetric 
Lamb modes are given by eqs. (B.5a) and (B.5b) with unknown amplitudes B’ and A’, 
respectively.  By combining the near and far field solutions, the unknown amplitudes 
for the far field can be obtained from the near field excitation.  This procedure makes 
use of the orthogonality of Lamb modes, and are hence discussed below. 
Using Betti’s reciprocity theorem, the acoustic field in the substrate plate can be 
written as (Auld, 1973) 
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21121221 )( FvFvTvTv
vrvrvrvr •−•=•−••∇              (4.10) 
where vv  and T
v
 are particle velocity vector and stress tensor, respectively, and F
v
 the 
applied body force vector.  Since F
v
 is zero inside the substrate plate, for the 2-D 
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where 2x
)  and 3x
)  represent unit vectors in Cartesian coordinates.  Substituting any two 
Lamb modes, mode p with )( 31 2 xvev p
xik p rr = , )( 31 2 xTeT pxik p
vr =  (see Appendix B.1 for 
the detailed expression for Lamb modes) and mode q with )( 32 2 xvev q
xikq rr = , 
)( 32 2 xveT q
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Integrating eq. (4.12) with respect to x3 through the cross section of the substrate plate 
yields 
d
dpqqppqqp xTvTvPkki −••−•=+ 3ˆ)()(








vvvv               (4.14) 
Due to the traction free boundary conditions of the substrate plate on both surfaces, x3= 
± d, the right hand side of eq. (4.13) vanishes, 
i(kp + kq)Ppq = 0                (4.15) 
To satisfy eq. (4.15), either kp + kq = 0, or Ppq = 0.  This implies that Ppq = 0 for any 
two modes p and q, except when kp = -kq = k-q, i.e. p = -q.  That is, only P(-q)(q) has 
non-zero value.  The orthogonality condition of Lamb modes can hence be stated as  
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Ppq = 0,  for qp −≠ .                 (4.16) 
 
4.3 Combining Near and Far Field Solutions 
To solve for the amplitudes of Lamb waves in the far field, each mode of the 
acoustic field excited by IDT in the near field is represented as a sum of Lamb modes 
by mode expansion technique (Auld, 1973), and the amplitude of a specific Lamb 
mode is solved by employing the mode orthogonality relation.   
The acoustic field 2)(' 3
xik
j
jexvv  and 2)(' 3 xikj jexT
v
 associated with near field mode j 
(j=1,2,…,n) obtained from eqs. (4.8) and (4.9) can be alternatively represented by 




































          (4.18) 





meaxa = )( 3xvmv  and )( 3xTm
v
are the velocity and stress mode shape of 
mth Lamb mode, respectively. 
Substituting eqs. (4.17) and (4.18) into vector 1 and Lamb mode q into vector 2 of 









































       (4.19) 
Note that the right hand sides (RHS) of eqs. (4.17) and (4.18) have been substituted 
into the left hand side (LHS) of eq. (4.19) to represent vector 1 as a sum of Lamb 
modes so that the individual Lamb mode amplitude am(j) can be solved, while the LHS 
of eqs. (4.17) and (4.18) have been substituted into the RHS of eq. (4.19) to represent 
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vector 1 in terms of the near field solutions obtained from eqs. (4.8) and (4,9).  
Integrating eq. (4.19) with respect to x3 through the cross section of the substrate plate 
gives 
∑ =−=+−−− −− ••−•−=∂∂ m dx dxxkkijqqjxikqmjm qjq exTvTvePxax 3322 )(3))((2)(2 ˆ)''()(
vvvv         (4.20) 






















vvvv           (4.21) 
Assume that the origin of x2-axis lies at the center of the IDT.  For the wave 
propagating in the +x2 direction (q>0), aq(-l/2) = 0, where l is the length of the 
piezoelectric layer (governed by the number of fingers).  Integrating eq. (4.21) with 
respect to x2 from –l/2 to l/2, and considering the traction free boundary condition of eq. 
(3.43) for the near field, which gives 0' 3 ==dxjT
v





, the amplitude of Lamb mode q excited by wave mode j in the near 
field is obtained.  That is, 



























+=                (4.22c) 
The amplitude of Lamb mode q can be obtained by summing the amplitudes 
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where x2 = l / 2 is the boundary of the near field and the far field.  The Lamb mode q 
excited at the near field propagates with amplitude aq(l / 2) as free Lamb modes in the 
far field. 
 
4.4 Comparative Study of IDT Excitation 
Nunez et al (2000) solved and experimentally verified the transfer function relating 
the excitation stress to the normal displacement u3(q) associated with Lamb mode q, 
while studying Lamb wave excitation by wedge transducer.  Only the normal stress T 




q THua −== 33333
)(
3 ' .  However, in IDT excitation, both the normal stress 
component T ’33 and shear stress component T  ’32 contribute to the generation of waves, 
and should therefore be considered in the analytical model.  To compare with his study, 
following derivation is given for the IDT excitation. 
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32'  are stress components of the jth near field mode at x3=-d.  
Multiplying the x3 component of displacement of Lamb mode q, given by u’3(q) in eqs. 













q RmTHTHua −=−= +=                (4.25) 
where  is the transfer function for stress component , and 
 is the transfer function for stress component .  Therefore, the IDT 
)(
3333 '
qquGH −= )(33' jT
)(
3232 '
qquGH −= )(32' jT
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excitation is modeled by considering both the normal and shear stress transfer between 
the IDT and the substrate plate. 
The transfer functions H33 and H32 against frequency for Lamb mode S0 and A0 are 
plotted in figs. 4.5 and 4.6, respectively.  The frequency is non-dimensionalized by 
'/ 2Vdf ω= , where ω is the radial frequency and V’2 is the shear velocity of the plate.  
H33 obtained is in good agreement with Nunez’s results. 
 
4.5 Numerical Results and Discussions 
An actual plate is used for numerical illustration of the relations obtained above 
and subsequently for experimental verification.  Piezo-ceramics of size 50×30×1mm 
(manufactured by Fuji Ceramics Corporation, model C-6) was used as the piezoelectric 
layer.  It was bonded onto a 2mm thick aluminum plate by conductive epoxy, to ensure 
that the piezo-ceramics layer and the aluminum plate vibrate together and also serve as 
electrode for grounding.  The material properties are given in Table 2.1.  The 
geometrical dimensions of the metallic fingers are as follow: D = 2mm, a = 1.2mm and 
number of fingers = 10 for each set (see fig. 4.1).  The central wavenumber of the IDT, 
kidt, is determined by the spacing between fingers; that is, kidt=π /D=1570m-1.  The 
dispersion characteristics of the aluminum plate were obtained using eqs. (B.8) and 
(B.9), from which the wavenumbers of A0 and S0 corresponding to kidt occurs at 
frequency of 600kHz and 1,100kHz, respectively. 
Applying 100 volts (V) at frequency of 600kHz onto the metallic fingers, the 
potential distribution at arbitrary wavenumber was obtained through Fourier transform 
using eq. (4.2) in the space domain (see fig. 4.7).  The maximum potential was 
obtained at kidt.  From the near field analysis in section 4.1, three near field modes are 
excited at the 600kHz by obtaining the singular wavenumbers in eqs. (4.5), which are 
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k1=630m-1 k2=1325m-1 and k3=1855m-1, respectively (see fig. 4.7).  To solve for the 
acoustic field given in eq. (4.7), the residues, )),((Res 31 xku
v , )),((Res 32 xku
v  and 
)),((Res 33 xku
v , are obtained by substituting the potential distribution )(kφ  around k1, 
k2 and k3 into eq. (4.5).  The wavenumbers of the second and third mode are closer to 
the central wavenumber of the IDT, kidt=1570m-1, and hence they are more strongly 
excited, as confirmed by the higher residues obtained.  The acoustic fields in the near 
field are taken as the sum of the residues of the three excited modes (eq. (4.7)). 
From the results of the near field, amplitudes of each Lamb wave modes were 
obtained by using eqs. (4.22) and (4.23).  As the excitation frequency, 600kHz, is 
below the lowest cut-off frequency of 760kHz obtained from eqs (B.10) and (B.11), 
only the fundamental anti-symmetric mode, A0, and the fundamental symmetric mode, 
S0, were excited.  The distribution of T33 and T22 along the thickness direction were 
obtained from eqs. B.6 and plotted in figs. 4.8 and 4.9, respectively.  It was found that 
at frequency of 600kHz, the stress fields were dominated by A0 mode.  This 
phenomenon resulted from the fact that at 600kHz, the wavenumber of A0 mode is 
close to the central wavenumber of IDT.  Consequently, most of the energy was 
transferred into A0 mode. 
In the same manner, applying 100V at frequency of 1,100kHz onto the metallic 
fingers, the acoustic responses in the far field were obtained for both A0 and S0, whose 
wavenumbers are 2595m-1 and 1644m-1, respectively.  The distribution of T33 and T22 
along the thickness direction was plotted in figs. 4.10 and 4.11, respectively, where the 
stress fields were dominated by S0.  This is because at 1,100kHz, the wavenumber of 
S0 is much closer to the central wavenumber of IDT compared with that of A0.   Most 
of energy was transferred into S0 mode.  However, A0 is more easily measured at the 
surface compared to S0 because the distribution along the thickness direction of T22 for 
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A0 is anti-symmetric, attaining maximum at the surface, while that of S0 is symmetric, 
being minimum at the surface and maximum at the center plane (see fig. 4.11).  Hence, 
the final acoustic field measured at the surface is a combination of A0 and S0. 
The above results indicate that the amplitudes of Lamb waves propagating in the 
substrate plate are controlled by the central wavenumber of IDT.  When the 
wavenumber of A0 is close to the central wavenumber of IDT, A0 becomes dominant 
in the substrate plate.  Similarly, when the wavenumber of S0 is close the central 
wavenumber of IDT, the dominant mode switches to S0. 
From figs 4.9 and 4.11, at the plate surface (x3 = ±1mm), the amplitudes ratio of A0 
to S0 of T22 is ±6.9 at the frequency of 600kHz, and ±1.1 at the frequency of 1,100kHz, 
respectively.  According to the analysis in Appendix B.2.4, T22 is proportional to the 
magnitude of stresses on the plate surface.  The amplitude ratios of A0 and S0 can be 
experimentally measured on the surface of the plate.   
 
4.6 Experimental Verification 
The same plate was used to obtain experimental results for comparison with those 
computed numerically.  Piezo-ceramics C-6 (8×8×0.5mm) supplied by Fuji Ceramics 
Corporation was used as the piezoelectric sensor.  It was bonded onto the aluminum 
plate by conductive epoxy, 150mm away from the IDT as shown in fig. 4.12. 
When the sensor dimensions were comparable to the Lamb mode wavelength, the 
amplitudes of Lamb modes measured by the sensor can become difficult to interpret 
due to the interaction of the sensor with the Lamb waves propagating though it.  
Therefore, a thin piezoelectric sensor is required, as 0.5mm in this study.  In this way, 
the ratio of the measured amplitudes of A0 to S0 can be a close approximation of the 
ratio of their stress component T22 on the plate surface for two reasons.  Firstly, on the 
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plate surface, T22 is also proportional to the magnitude of T11 (see analysis in Appendix 
B.2.4).  Secondly, the piezoelectric sensor is polarized in its thickness direction (x3); 
the sensor is very thin (0.5mm) compared to its length and width (8×8mm).  This 
implies that it is more sensitive to stresses in x1 or x2 directions.  Therefore, the 
amplitude measured from the potential difference of two surfaces of the piezoelectric 
sensor reflects the amplitude of stress wave. 
Figure 4.13 gives the signals read from the oscilloscope at frequency 600kHz.    
The group velocities of S0 and A0 calculated from eqs. (B.8), (B.9) and (B.12) were 
4.9km/s and 3.1km/s, respectively, implying that S0 propagates faster than A0.  The 
amplitude ratio of A0 to S0 obtained is 7, close to the ratio of 6.9 obtained analytically 
(see fig. 4.9).  Figure 4.14 depicts the signal of amplitude (in volts) read from the 
oscilloscope at 1,100kHz.  The group velocities of S0 and A0 were 2.2km/s and 3.1km/s, 
respectively, indicating that A0 propagates faster than S0.  The amplitude ratio of A0 to 
S0 obtained is 1.3, consistent with the ratio of 1.1 obtained analytically (fig. 4.11).  The 
discrepancy of the ratios of the amplitudes obtained analytically and experimentally 
may arise from the imperfect bonding between the IDT and aluminum plate. 
 
4.7 Concluding Remarks 
In summary, an analytical model has been presented and verified experimentally to 
study the excitation of Lamb wave by IDT.  Analytical results show that the spacing of 
IDT fingers to match wavenumber of the propagating Lamb mode is the most 
important parameter to selectively excite single Lamb mode.  Single wave mode 
facilitates simpler signal interpretation, increasing the accuracy in NDE applications.  
The width of each wave package generated is another critical factor, for example, the 
signals provided in figs. 4.13 and 4.14 are not suitable for practical NDE.  Its width 
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may encompass some possible reflections from cracks which are to be detected, 
making the detection at best qualitative.  Besides mode selectivity and width of pulse, 
other factors to consider for effective NDE include excitation strength and the ability 
to focus the wave.  It is thus desirable to design and construct a workable IDT that is 
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Fig. 4.4  Integration path for inverse Fourier transform of acoustic field in piezoelectric 
layered plate   
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Fig. 4.5  Transfer functions for Lamb mode S0 (× points are Nunez’s results) 
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Fig. 4.6  Transfer functions for Lamb mode A0 (× points are Nunez’s results) 
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Fig. 4.8  Distribution of T33 at far field along thickness direction at 600kHz 
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Fig. 4.9  Distribution of T22 at far field along thickness direction at 600kHz 
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Fig. 4.10  Distribution of T33 at far field along thickness direction at 1,100kHz 
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Fig. 4.12  Experimental setup to measure Lamb waves excited by IDT 
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Fig. 4.14  Signal measurement at 1,100kHz  
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Chapter 5  Design and Fabrication of IDT 
 
In Chapter 4, an analytical solution has been presented for Lamb waves excited by 
IDT.  Results show that the finger spacing can be varied to excite selected Lamb 
mode(s).  There are other practical issues that must be addressed before IDT can be 
efficiently and accurately applied for NDE in plates.   
The simplest method of damage detection by elastic waves is based on the flight 
times of the direct actuated wave and the reflected wave from the damage (or crack or 
anomaly) measured at selected locations.  For IDT to work well with this method, the 
excitation must first be strong to provide a good signal-to-noise ratio for identifying 
the package of reflected wave and its arrival time.  Secondly, the duration of the 
actuated wave package must be short enough to avoid overlap in the measured signals 
by different wave packages, namely the direct incidence, reflection from boundaries 
and reflection from damages.  Thirdly, the IDT must be able to focus the excited 
waves to minimize dispersion and provide directionality for accurate detection.   
In this chapter, the analytical solution is used as a tool to determine the optimal 
values for the parameters in the design of IDT for practical NDE.  These parameters 
include the finger length and width, number of fingers, and the thickness and size of 
the piezoelectric patch.  Fabrication of the optimal designed IDT is addressed. The 
processes include depositing electrode fingers onto the surfaces, and packaging the 
IDT with appropriate wiring.  The former process is the more challenging part and two 




5.1 Optimal Design of IDT 
Equation (4.22) gives the amplitude of the Lamb mode q excited by wave mode j 
in the near field, in which Tmq(j) is defined as a linear function of stress components in 
)(' 3xT j
v
.  Based on eq. (4.7), each component in )(' 3xT j
v
 is proportional to the 
residues.  The residue at wavenumber kj obtained using eqs. (4.5) is proportional to the 
Fourier transformed potential )( jj kφφ = .  It can therefore be argued that Tmq(j) is 
proportional to jφ , for its each term is proportional to jφ .  Hence, eq. (4.22) can also 




j TrRma )()( φ=          (5.1) 
where the subscript q is omitted for simplicity and Trj is a transfer function given by 
jj
j TrTm φ=)(          (5.2) 
The spatial Fourier transformed input potential jφ  is a function of f(x2) which is 
governed by the width of the finger a, the finger spacing D and the number of fingers 
as discussed in section 4.1.2; Rm(j) describes partially the mode conversion ratio, which 
can be deduced from eq. (4.22) by considering the limits that its amplitude is 
proportional to the number of fingers and occurs when the near field mode j coincides 
with the Lamb mode q; Trj describes partially the transfer function, which is dependent 
on the IDT thickness and material properties of the piezoelectric layer and substrate 
plate as can be seen from the LHS of eq. (4.5).  Hence, optimal design of IDT can be 





5.1.1 Optimal Design Based on jφ  
In eq. (5.1), jφ  is an implicit function of the width of the finger a, the finger 
spacing D and the number of fingers of the IDT fingers.  These parameters control the 
mode selectivity, excitation strength and width of pulse.   
The geometry of IDT fingers determines the potential distribution in x2 direction on 
the surface of the transducer.  Figure 5.1 shows the potential distribution in the 
wavenumber domain, )(kφ , after applying spatial Fourier transform.  The central 
wavenumber of the IDT, kidt, which corresponds to the supremum, is associated with 
finger spacing D by kidt=π/D.  The magnitude of this maximum indicates the excitation 
strength.  Better mode selectivity of the IDT is exhibited through a smaller lobe width, 
where the latter is defined as the width across the main lobe at potential of 1/3 of the 
maximum of the main lobe.  Hence, for efficient Lamb mode excitation, the finger 
spacing must be designed such that the central wavenumber kidt = kj, at the excitation 
frequency, once the latter is known or specified.  In physical terms, this translates to 
matching the finger spacing D with the wavelength λj, where D =π /kj = λj / 2, which 
will then ensure that jφ  achieves maximum value.  
The maximum potential and lobe width against finger width (normalized by D) is 
plotted in fig. 5.2.  It is understandable with wider electrode fingers, larger maximum 
potential is obtained at kidt because wider fingers receive electrical signals more 
efficiently.  However, wider fingers results in wider lobe and reduces the mode 
selectivity.  Hence, there is a trade-off when designing the finger width.  Small width 
poses fabrication difficulty, provides inadequate electrical conductivity and are easily 
broken whereas large a/D may cause arcing when a pair of signals out-of-phase with 
each other are applied.  Full metallization (a/D = 1) prevents the application of such 
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electrical signals.  Since fig. 5.2 shows that as a/D changes from 0.05 to 0.95, both the 
maximum potential and lobe width changes within a narrow range, a/D in the region of 
0.5 is recommended. 
In the same manner, the effect of number of fingers can also be evaluated based on 
the maximum potential and lobe width with respect to its excitation strength and mode 
selectivity.  For the case of a/D = 0.5, the maximum potential and lobe width against 
the number of finger numbers is plotted in fig. 5.3.   The maximum potential shows a 
linearly increasing trend as more fingers leads to more electrical energy transferred to 
the piezoelectric layer resulting in stronger excitation.  Mode selectivity improves as 
more fingers are used but in a nonlinear manner.  The selectivity increases 
significantly from 1 to 4 fingers but shows minor improvements if the number is 
further increased.  Both the excitation strength and mode selectivity requires larger 
number of fingers.   
The number of fingers is related to the length of the piezoelectric layer used for a 
given finger spacing where the latter is fixed by matching the Lamb mode to be 
excited.  In NDE application, pulse signals are commonly used.  A long IDT patch 
may elongate the time span of the actuated wave packages, which is undesirable when 
analyzing the flight-time of the pulse.  Hence, the length of the IDT may be chosen to 
accommodate 4 fingers. 
 
5.1.2. Optimal Design Based on Rm(j)
The maximum value of Rm(j), hence strongest excitation, is achieved when the 
wavenumber of the near field, kj, coincides with the wavenumber of Lamb mode q, kq, 
as can be seen from fig. 5.4, which is plotted by using eq. (4.22c).  Rm(j) is normalized 
by its maximum value at kj=kq.  For fixed thickness of the substrate plate, the near 
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field modes strongly depend on the thickness of the IDT layer.  Thinner IDT layer 
results in near field modes closer to the Lamb modes.  The dispersion curves of the 
coupled structure comprising a 0.1mm thick piezoelectric layer and 2mm aluminum 
plate (i.e. thickness ratio of 1/20) is given in fig. 3.7 where the Lamb modes in the 
aluminum plate are also plotted.  The dispersion curves of the near field modes, 
especially the lowest two modes, are very close to that of Lamb modes of the 
aluminum plate, which confirms that when propagating at the same frequency, the 
wavenumbers of the near field modes, kj, are very close to that of the corresponding 
Lamb modes, kq, and hence results in large values of Rm(j), as can be seen from fig. 5.4.  
On the other hand, thinner piezoelectric layer results in less mechanical disturbance 
produced by electro-mechanical coupling and thus only small strains are induced.  This 
is reflected in a smaller value of Trj.  Hence, a balance value of the thickness of the 
piezoelectric layer must be struck between producing high values of  Rm(j) and Trj such 
that a high signal-to-noise ratio can still be obtained when Lamb waves are excited by 
using IDT made from PVDF, which is less than 0.1mm thick (Monkhouse et al, 1997). 
Generally, when a single Lamb mode is to be excited, thinner IDT layer is 
preferred to facilitate matching of wave modes.  When PZT, which is a brittle ceramics, 
is used for the IDT to provide stronger excitation, the layer should be at least 0.5mm 
thick to minimize the possibility of breakage.  For the case where kj = kq, eq. (4.22c) 
reduces to  
2/)( likj qleRm =          (5.3) 
Since kq is real, the amplitude of Rm(j) in eq. (5.3) is l, the length of the IDT.    This is 
consistent with the results of fig. 5.3(a) where excitation strength is linearly 
proportional to the increase in l.  However, as discussed in the previous section, the 
length is chosen to accommodate 4 fingers only, as the increase in mode selectivity 
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becomes marginal with more fingers (or longer l) and shorter length results in shorter 
time span of the signal packages, which is an important factor for accurate NDE. 
 
5.1.3. Optimal Design Based on Trj
Trj obtained from eq. (5.2) is related to the thickness of the IDT layer (as discussed 
in previous section) and the material properties.  Piezoelectric material with large 
piezoelectric constants is efficient by providing a stronger excitation.  In this sense, 
single crystal piezoelectric material is a promising candidate owing to its 
comparatively larger piezoelectric effect.  However, polycrystalline piezoelectric 
material can be easily acquired commercially and is therefore employed in this study.  
Specifically, piezoelectric ceramics (i.e. model C-6, Fuji Ceramics Co.) are used in the 
experiments and for numerical calculations.  The properties are given in Table. 2.1.  
They provide satisfactory signal-to-noise ratio in the excitation when properly 
designed. 
Enhancing Trj can also be realized by depositing inter-digital electrodes onto the 
bottom surface of the IDT, which originally facilitates as the surface for the ground 
electrode.  As illustrated in fig. 5.5, the finger patterns on the two surfaces are anti-
symmetric, connected by the side surfaces, D’C’CD and ABB’A’.  Therefore, the two 
fingers at the same position in the longitudinal direction, one at the top surface and the 
other at the bottom surface, constitute an out-of-phase (180° difference) pair of 
electrodes when high frequency electrical signals of 1800 phase difference are applied 
on the two groups of electrodes (fig. 5.6).  In this manner, the magnitude of electrical 
field in the IDT layer is doubled, approximately doubling the excitation strength. 
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5.1.4 Other Considerations in Optimal Design 
All the previous analysis is based on the assumption of very long finger length (i.e. 
width of IDT) so that the variation of the signal in the x1-direction can be neglected.  
When designing IDT, the ratio of the length to the width of fingers is normally larger 
than 10.  This makes the waves within the length of the fingers evenly collimated with 
rapid attenuation outside this length, as verified numerically by Wilcox et al (1998a) 
using the finite element method.  Figure 5.7 shows the distribution of excitation 
strength of A0 Lamb mode experimentally obtained from a 16×12×0.5mm single-sided 
IDT on a 2mm aluminum plate at the excitation frequency of 600kHz.  The IDT has 4 
fingers on the top surface in each group.  The fingers on each face are spaced (centre to 
centre) at 2mm apart, matching the wavelength of Lamb mode A0 at 600kHz.  The 
finger width is 1mm, giving a length/width ratio of fingers about 10.  The IDT was 
fixed on the aluminum plate at the center of the circle, facing 0o (or 180o).  A mobile 
sensor was used to scan along the circumference of a circle of radius 100mm to register 
the amplitude of the excited A0.  Since the IDT is positioned facing 0o, the collimated 
beam will be in the 0o and 180o direction, in agreement with the maximum amplitudes 
obtained at 0o and 180o.  The amplitudes in other directions were normalized by this 
maximum value and indicated by the length of the radial lines in fig. 5.7.  The 
symmetry of the distribution indicates that further consideration using only a quarter of 
the IDT is adequate.  The attenuating effect of the single-sided IDT can be seen, 
especially in the 20o to 90o segment.  However, to accurately locate defects in plates, 
larger attenuation in this segment would be desirable.  Figure 5.8 gives the signal 
collected at 0o, in which the presence of S0 and A0 are confirmed by their different 
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group velocity, namely, 4.9km/s and 3.1km/s (S0 propagates faster than A0).  From fig. 
5.8, the amplitude of S0 is negligible compared to that of A0.  Hence, A0 is selectively 
excited by the designed single-sided IDT.  
The phenomenon of collimation arises from the directionality of the electrode 
fingers on the top surface of the IDT.  Replacing the full-faced electrode on the bottom 
surface by electrode fingers, as illustrated in fig. 5.5, operating anti-symmetric to those 
on the top surface, produces a double-sided IDT.  Its excitation strength distribution 
was obtained experimentally and depicted in fig. 5.9.  The focus of the excitation wave 
is prominently enhanced, with most of the energy concentrated within 20o.  Figure 5.10 
gives the signal collected at 0o indicating that A0 is selectively excited.  Compared to 
A0 excited by the single-sided IDT (fig. 5.8), the amplitude is approximately doubled 
when excited by the double-sided IDT (fig. 5.10), which are in good agreement with 
analytical results.  It should also be noted that the relative strength in the 20o to 90o 
segment compared to the 0o to 20o segment is significantly reduced compared to the 
single-sided IDT.  Hence, the focus of the wave has been significantly enhanced 
making the double-sided design a very attractive option for NDE applications.    
Perfect bonding between the IDT and the substrate plate is assumed in the 
analytical model.  It can be realized by using strong epoxy.  However, this limits the 
IDT to a one-time usage, which is both costly and inconvenient to the extent of being 
impractical.  Alternatively, coupling using grease at the interface between the substrate 
and the IDT surface can be employed requiring a light pressure to be applied to 
transfer the stresses between IDT and the substrate for high frequency excitation.  The 
pressure applied in x3-direction ensures the total transfer of T33, and the high frequency 
excitation relative to the viscosity of the grease minimizes the loss of transfer of T32 
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and T22.  Experiments using both methods of interfacing showed that the loss of 
amplitude is within 10 % when grease coupling is used instead of stiff epoxy. 
The grease coupling method, which facilitates the use of double-sided IDT, also 
provides flexible use of IDT in NDE.  The IDT can freely probe anywhere on the 
surface of the substrate and be re-used numerous times (subjected to wear and tear) 
resulting in substantial cost savings for routine NDE.  The IDT mobility greatly 
enhances its sensitivity and accuracy as a damage detection device since the IDT can 
be moved and rotated to focus the excited wave.  This makes the tracing of the 
geometry of the defects using a single IDT realizable. 
 
5.1.5 An In-house Designed IDT  
Based on the optimal design considerations above, an IDT was designed for NDE 
on 2mm thick aluminum plates. 
From eqs. (B.10) and (B.11), the lowest cutoff frequency for 2mm aluminum plate 
is approximately 760kHz.  Hence the excitation frequency should be lower than 
760kHz to allow only A0 and S0 Lamb modes to exist throughout the actuation so as 
not to complicate the signal and its interpretation.  The time span of a pulse signal ts is 
inversely proportional to the frequency f, that is, 
ts = n / f          (5.5) 
where n is the number of sinusoidal cycles with significant amplitude contained in the 
pulse.  Therefore, high frequency is desirable for a short time span.  Considering the 
requirements of both cutoff frequency and short time span, 600kHz is chosen as the 
excitation frequency for NDE on 2mm aluminum plates.  This produces a pulse 
containing 5 cycles over a time span of 8.3µs. 
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The spacing of the IDT fingers is a fundamental parameter for selecting the Lamb 
mode to be excited.  Based on the selected excitation frequency, the wavelengths of 
Lamb modes can be calculated using Lamb wave dispersion relations in eqs. (B.8) and 
(B.9).  The wavelength of A0 is around 4.0mm and that of S0 is around 8.7mm.  A0 is 
sensitive to surface cracks while S0 is more sensitive to internal defects (like 
delamination or void) because of their anti-symmetric and symmetric mode shapes of 
stress (Ghosh et al, 1998).  Almost all cracks in aluminum plates are surface cracks 
and hence A0 is selectively excited in this study.  In addition, the smaller wavelength 
of A0 facilitates the design of a short IDT.  Based on its wavelength of 4.0mm, the 
finger spacing of the IDT is 2mm or half of the wavelength of A0.  The coincidence of 
the spacing with the plate thickness is unintentional.  Since the wavelength is 
comparable to the plate thickness, the treatment of the wave as propagating in a plate 
rather than a semi-infinite medium is justified. 
As discussed in section 5.1.1, the finger width does not affect the excitation 
significantly but is chosen to provide conductivity and prevents arcing when used at 
high frequency.  Hence, a finger width of half the finger spacing is adopted.  The 
finger length should be at least 10 times of the finger width to provide substantial 
collimation of the wave.  A piezoelectric ceramic patch with sufficient width to 
accommodate the finger length is used to build the mobile double-sided IDT.  Thinner 
patch is desirable for exciting single Lamb mode to reduce the difference between the 
near field mode and Lamb mode for obtaining a large Rm(j).  Since piezoelectric 
ceramics are brittle, a 0.5mm thick patch is used to minimize breakage.  The patch 
should be long enough to accommodate at least 4 fingers for each group on each 
surface to provide adequate excitation strength and mode selectivity.  Therefore, the 
dimension of the piezoelectric patch selected is 16×12×0.5mm.  The patch is 2mm 
93 
wider than the finger length to provide 1mm margin on each edge for the connecting 
electrodes. 
 
5.2 IDT Fabrication 
Wideband piezoelectric ceramic patches (C6, Fuji Ceramics Co.) without 
electrodes and polarized in the thickness direction, are used to fabricate IDT.  The 
fabrication includes depositing electrode fingers onto the surfaces, and packaging the 
IDT with proper wiring. 
5.2.1 Electrode Deposition 
5.2.1.1 Modified Print-Circuit-Board Manufacturing Method 
The electrode pattern on the surface of an IDT is similar to the circuits on a Print-
Circuit-Board (PCB).  Hence PCB manufacturing processes can be employed to 
deposit electrodes on the piezoelectric patch in fabricating the IDT.   Since the circuit 
on a PCB is fabricated from a layer of copper under a layer of photo-resist material by 
using lithographic technique, the steps in this technique is included.  The main steps 
are as follows: 
(1) Deep cleaning of piezoelectric patch. 
Clean the piezoelectric patch (without electrode) in an ultrasonic tank by acetone 
and Propanol alternately for half an hour with each solution.  The total clean 
process takes at least 3 hours to thoroughly remove carbon or any other 
contaminants which may hinder the deposition of a copper layer onto the patch 
surface in the next step. 
(2) Deposition of copper layer on the patch 
Deposit thin layers of copper onto both surfaces of the patch by a Polaron E6700 
turbo vacuum evaporator (fig. 5.11).  A three-hours deposition results in 
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approximately 10µm copper layer on one side, depending on the flux rate and 
pressure used.  This deposition process is referred to as Physical Vacuum 
Deposition (PVD).   
(3) Coating with photo-resist layer. 
Heat the piezoelectric patch in an oven at 70oC for 20 minutes to promote an 
even adhesion when photo-resist (PRP, Electrolube, H.K. Wentworth Ltd.) is 
subsequently sprayed to the surface of the patch.  To avoid ultraviolet (UV) 
exposure, the spraying must be conducted in an UV-suppressed room.  After thin 
layers of photo-resist are applied on both sides of the piezoelectric patch, dry the 
patch in an oven at 50oC for 20 minutes.   
(4) Creating the mask. 
Plot the electrode pattern using software such as AutoCAD and print it on a sheet 
of transparency to create a mask.  
(5) Transferring the pattern onto the patch. 
Cover the piezoelectric patch with the mask and expose them to UV light for 2 
minute for each surface. 
(6) Developing the pattern. 
Immerse the patch in the solution of an alkaline developer (purchased from Hong 
Kong Wentworth Ltd.) with mechanical agitation until a clear pattern appears on 
the surfaces of the patch.  The patch must be immersed for about 4 minutes. 
(7) Pattern etching. 
Etch the exposed copper in ferric chloride solution (made from ferric chloride 
hexahydrate granules, purchased from Farnell Electronic Components Ltd.) for 2 
minutes. 
(8) Finally, clean the remaining photo-resist by acetone. 
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This method utilizes standard lithographic technique (steps (3), (5) to (8)) and is 
therefore suitable for producing accurate and complicated electrode pattern.  An IDT 
with unequal finger length (having a curved envelope) was fabricated using this 
method.  Some over-etchings can be observed in fig. 5.12.  This can be avoided if a 
thicker layer of copper is deposited.  However, thick layer deposition through PVD is 
not efficient.  Alternatively, electroplating can be employed to yield a thicker layer 
after the initial thin copper layer is deposited through PVD.  
Those lithographic processes can be eliminated if a hollow negative mask is used 
in PVD deposition in step (2), in which the electrode pattern is directly deposited on 
the surface of the patch.  This method is suitable for mass production.  However, if the 
geometry of the IDT is not constant, preparing those masks can become expensive. 
Since only a limited number of IDT are to be fabricated to carry out the 
experiments for this dissertation and the geometries of these IDT are different, a 
simpler but versatile method was developed to deposit the electrode pattern by painting. 
 
5.2.1.2 Painting Method 
A less elaborate method requiring lower level technology makes use of self-
adhesive electrical conducting paint.  Prior to painting, the surface of the piezoelectric 
patch is cleansed by rinsing in water.  Deep cleaning as in the PCB manufacturing 
method is not required in this method.  The major steps can be summarized as follows: 
 (1) Creating the mask. 
Print the electrode pattern of one surface on paper; press a piece of scotch-tape 
on the printed pattern with sufficient force to transfer it onto the sticky side of the 
tape. 
(2) Set the mask on the piezoelectric patch. 
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Stick the piece of scotch-tape with the electrode pattern on the surface of the 
piezoelectric patch removing any visible air gap along the process.  Presence of 
air gap may cause smudging during the painting process caused by surface 
tension.  Cut the pattern through the scotch-tape with a sharp cutter to remove the 
strips of scotch-tape that contains the pattern.  The remaining scotch-tape acts as 
a mask to produce electrode fingers. 
(5) Painting the electrode.  
A thin layer of quick drying silver conductive paint (purchased from RS 
Components Ltd.) is deposited on the surface area of the patch which is not 
covered by the scotch-tape.  After the paint has dried, remove the scotch-tape 
leaving behind the desired electrode pattern.  
(6) Repeat steps (1)-(3) for the electrodes on the reverse side, taking note of the 
alignment on the two surfaces to ensure anti-symmetry. 
(7) Paint the two long edges of the piezoelectric patch so that the two surfaces are 
connected. 
(8) Finally, bake the IDT in an oven at 150oC to improve the adhesion of the 
metallic fingers onto the piezoelectric patch. Since the working temperature is far 
below the Curie point of 320oC for the piezoelectric ceramics used, its 
piezoelectric properties will not change during this process. 
Note that the use of thin transparent sticky tape to produce the mask for the 
electrode pattern helps to visualize and minimize any air gap that may be present 
between the mask and the substrate to facilitate production of sharp edge fingers.   
An IDT fabricated through the described process is shown in fig. 5.13.  This 
painting method is versatile and cheap.  Hence, most IDT used in the experiments were 
fabricated by this method.  However, if the electrode pattern is very complicated or the 
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The core wires of two BNC cables are respectively bonded onto the two groups of 
fingers by conductive epoxy (CW2400, Chemtronics Ltd.), while the shielding wires 
are connected to form a common ground.  The piezoelectric patch is wrapped onto on a 
block of rubber by thin transparent tape for easy handling.  Rubber is chosen as 
backing material because its acoustic impedance is very different from that of the 
piezoelectric patch, minimizing the mechanical interference that may be introduced to 
IDT excitation.  Two grooves are cut on the surface of the rubber block to align the 
two core wires of the BNC cables, making the device as a compact package.   
A mobile double-sided IDT was fabricated as shown in figs. 5.14.  The two BNC 
cables connected to the IDT provide out-of-phase signals when connected to a function 
generator.  A zoom-in photograph of the IDT is given in fig. 5.15 showing the details 
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      Fig. 5.3  (a) Maximum potential and (b) lobe width, against number of fingers 
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Fig. 5.4  Rm(j) as a function of kj - kq
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Fig. 5.9  Distribution of excitation strength of double-sided IDT (solid line) in 






















Fig. 5.10  Excited waves of double-sided IDT (solid line) in comparison with  that 







































Fig.  5.15  Zoom-in photograph of a mobile double-sided IDT  
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Chapter 6  Crack Detection in Plates by Mobile Double-
Sided IDT 
 
Damage in structural components is a prevalent practical problem that needs to be 
addressed.  Examples include defects or cracks in plated structures on airplanes, ships, 
offshore structures and pressure vessels.  Radiograph is the best-developed industrial 
method using X-ray or gamma-ray to exhaustively scan the whole plate in two dimensions 
(Cawley et al, 1987; Babot et al, 1996; Okafor and Dutta, 2001).  Since the rays penetrate 
the plate, hidden as well as surface damages can be detected.  This NDE technique is 
referred to as C-scan.  With the availability of sophisticated laser devices, such as laser 
Doppler vibrometer, traditional scanning techniques are enhanced tremendously both in 
efficiency and resolution by automatically and digitally observing the laser beam scattered 
from the plate.  One such established method is shearography, which provides a complete 
field observation of isoclines related to surface strains.  Although the scanning laser does 
not penetrate the plate, the shallow buried damages can still be detected by studying the 
anomalies in the interference fringes resulting from strain concentrations induced by 
damages when the structures are loaded (Toh et al, 1990; Hung et al, 2000).  Though 
detailed damage information including location, size and severity can be obtained through 
C-scan and shearograph, those methods require exposure of the whole plate and detailed 
scanning of the entire surface using sophisticated equipment which may not be 
conveniently ported. 
On the other hand, frequency domain methods employ only one or a few transducers 
to capture the structural dynamic response at fixed positions and hence eliminate the need 
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for exhaustive scanning.  Friswell et al (1998) identified the position of one or more 
damages in a structure by using genetic algorithm (GA) to process the collected vibration 
data, and then estimated the extent of the damage by a standard eigen sensitivity method.  
However, GA is a time-intensive computational method, with practical issues that need to 
be addressed before it can be applied in real-time NDE. 
To add to the repertoire of techniques mentioned above and hopefully overcome some 
of their limitations for damage dectection in plates, an attempt is made in this thesis to 
utilize the fabricated mobile double-sided IDT to detect cracks in homogenous plates.  
First the principle of detecting the presence of crack using flight times is described in 
section 6.1.  Next, the fabricated IDT is used to detect, locate and determine the extent of 
damage on three aluminum plates, the first one with a deep linear crack and the second 
one with a shallow piecewise linear crack, and the last one with a curved shallow crack.  
The proposed strategy comprises two main phase, the first is a line scan method to locate 
the crack and the second is a refined method to determine the extent of the crack. 
  
6.1 Damage Detection Using Flight-Time of Wave 
Lamb waves can be taken advantage of to detect damages in plates by focusing it uni-
directionally and selecting the appropriate mode so that it can propagate through a long 
distance, typically more than 1 meter, without significant decay.  One technique associated 
with Lamb waves in plate is to use the flight time of the waves.  From the Lamb wave 
pulse signals received by a sensor, a damage, if present, can be located by deducing the 
flight-time of the signal package reflected from it.  This method is theoretically simple and 
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efficient, assuming that the substrate can be considered as homogenous at an appropriate 
scale and only few damages are present.   
As a simple illustration, consider an actuator and a sensor placed at a known distance 
LAS apart from each other such that there is direct reflection of the incident wave from the 
crack back to the sensor.  If the distance between the actuator and the crack is LAC and the 
distance between the sensor and the crack is LCS, then they can be determined by solving 
the following equations  
LAC + LCS =  tacsVg              (6.1) 
LAC  - LCS = LAS              (6.2) 
Vg = LAS/tas              (6.3) 
where tas and tacs is the flight-time of the signal package from the actuator to the sensor 
and from the actuator reflected from the crack to the sensor, respectively, and Vg is the 
group velocity of the propagating wave (Graff, 1975).  The flight times are deduced by the 
time history of the signals, which can be captured and output on a device, such as an 
oscilloscope.  Currently, NDE in plates using propagating waves is based on the same 
principle but treats it entirely in a 2-dimensional manner (without focusing the wave), 
which makes the method rather involved and difficult in view of oblique incident and 
reflection waves. 
To perform crack detection on a plate, since the actuator normally excites Lamb waves 
in all directions in the plate, eq. (6.1) is valid for crack-reflected signals from many 
possible points on the plate.  Mathematically, theses points from an ellipse, with the 
locations of the actuator and sensor as the two focal points.  The propagation distance 
obtained from the flight-time of the crack-reflected signal corresponds to the length of the 
major axis.  To locate the position of the crack on the ellipse, more than one pair of 
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transducers has to be used from which the common intersection points of the ellipses is 
taken as the crack location.  Generally, the crack is of finite dimension rather than a single 
point and data from various actuator and sensor positions need to be collected.  
Alternatively, another accompanying scheme has to be devised to determine the extent of 
the crack.  Kehlenbach and Das (2002) used an array of transducers to locate damage in a 
plate and the size of the damage can be roughly estimated based on geometrical 
considerations using several pairs of piezoelectric transducers.  However, the existence of 
multiple Lamb modes poses difficulty in the signal interpretation.  Therefore, their 
detection technique relies very substantially on the signal processing method used.  
Wavelet analysis was used to decompose the superimposed wave packages.  However, 
there is difficulty decomposing multiple modes reflected within the same frequency range, 
which is the prevalent in plates even with narrowband excitation, posing some limitation 
on this method. 
Existence of multi-modes of Lamb waves is a common difficulty faced in damage 
detection of plates.  Even below the first cut-off frequency, two modes, namely, the lowest 
symmetric mode S0 and the lowest anti-symmetric mode A0, propagate as two packages 
with different group velocities.  After being intercepted by cracks or boundaries, each 
package is further split into new A0 and S0 packages.  Hence, after each interception, the 
output signal may consist of up to m packages (resulting from difference in velocities) 
given by m = nq, where n is the number of packages just before interaction and q is the 
number of modes that can exist at the excitation frequency.  For example, at a frequency 
below the first cut-off frequency, two packages, A0 and S0, are excited.  After the first 
interception, the two packages evolve into four packages, which may overlap with each 
other and complicates interpretation of the signals.  By using IDT, a single mode (either 
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A0 or S0) can be selectively excited (Chang et al, 1994; Monkhouse et al, 1997; Wilcox et 
al, 1998; Varadan and Varadan, 2000).  The output signal after the first interception 
consists of only two packages instead of four.  This will not only simplify the 
interpretation of output signals significantly but result in more accurate estimation of the 
crack location. 
Another problem with damage detection in plates using the time history of the signal is 
the spreading of the waves resulting in high attenuation, rendering the signals too weak for 
proper interpretation.  This problem is minimized by using IDT actuators fixed onto the 
plate so that the wave is focused predominantly in one direction, i.e. only the area within 
the collimated beam of the excited waves are detected prominently.   
As the position and geometry of the crack is not known a priori, it becomes necessary 
to move the actuator and sensor to ensure that the wave is intercepted by any crack that is 
present.  Hence using IDT that needs to be strongly fixed onto the plate, such as using 
epoxy, is not practical.  This can be overcome by using specially designed mobile IDT as 
proposed in this thesis, where the actuator can be moved as well as rotated to interrogate 
the entire plate efficiently.  The design of mobile IDT facilitates having electrode fingers 
on both faces of the actuator which enhances the strength and focus of the excited waves, 
resulting in greater accuracy in determining the flight-times.  
 
6.2 Crack Detection in Aluminum Plates by Mobile Double-Sided IDT 
6.2.1 Experimental Set-up 
Experiments were carried out using a double-sided mobile IDT to locate and 
determine the extent of cracks in three 2mm aluminum plates.  The first plate, referred to 
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as specimen I, is 450×450×2mm, with a linear crack at the centre of the plate, parallel to 
one of the plate boundaries.  The crack is 1.8mm deep, 1.5mm wide and 54mm long.  The 
second plate, referred to as specimen II, is 500×500×2mm with a nonlinear crack formed 
by two piecewise linear cracks close to the center of the plate.  The two cracks, subtending 
an angle of 120o to each other, are 0.7mm deep, 1mm wide, and 20mm and 30mm long. 
The last plate, referred to as specimen III, is 450×450×2mm, with a curve crack close to 
the center of the plate.  The crack is 0.5mm deep, 1mm wide and 48mm long with a radius 
of 50mmFor this plate, at excitation frequency of 600kHz, the wavelength of A0 = 4.0mm 
and that of S0 = 8.7mm.  The widths of all of the cracks are well smaller than the 
wavelength used here.  The group velocity of A0, VgAo, is around 3.1km/s and that of S0, 
VgSo, is around 4.8km/s. 
To construct the IDT, four fingers for each group of electrode were painted on each 
face of a 16×12×0.5mm wideband PZT patch (model no. C-6, Fuji Ceramic Corporation). 
The material properties of the PZT patch is listed in table 2.1.  Only the lowest two Lamb 
modes, A0 and S0, of the plate exist at the excitation frequency of 600kHz.  Hence, the 
spacing of the IDT was designed to be 2mm to excite stronger A0 waves.  The finger width 
and length was chosen as 1mm and 10mm, respectively (fig. 5.14). 
Electrical signals at frequency of 600kHz, peak amplitude of ±10V and 180o phase 
difference were fed to the two groups of electrodes of the IDT from a function generator 
(Yokogawa FG300).  The pulse signal consists of 5 cycles of sine-bursts with an 
exponential envelope as shown in fig. 6.1, giving a short time span of 8.3µm obtained 
from eq. (5.5). 
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A mobile circular sensor from a PZT patch of diameter 5mm and thickness 0.5mm (C-
6, Fuji Ceramic Corporation) was used to collect Lamb wave signals, which were 
amplified about 20 times by a wideband amplifier (HPA30, NTR systems, Inc.) and then 
fed into a digital oscilloscope (Yokogawa D1716E).  The experimental setup is shown in 
fig. 6.2. 
 
6.2.2 Line-scan Detection Scheme 
A scheme is proposed herein to detect the presence of any crack in a plate, and if 
present, to find its approximate location and direction.  The scheme involves moving a 
mobile sensor linearly to scan a segment (the shadowed area in fig. 6.3) of the plate.  The 
steps in the line-scan detection scheme are summarized as follows:  
(1) A mobile IDT is placed at an arbitrary point A facing the area to be detected (fig. 
6.4). 
(2) A mobile sensor is then positioned at points along a marked line. 
(3) At each sensor point (say point B), the angle of the IDT is rotated slowly.  If there 
are reflected signals (with flight-times shorter than that required for reflection from 
boundaries) detected by the sensor (see fig. 6.5), point B can be used to detect the 
crack. 
(4) In the event that position B contains crack-reflected signals, by slight rotation of 
the IDT, a best excitation angle at which the reflected signal produces the highest 
maximum can be found.  From the flight-time of the signal and the best excitation 
angle, a point on the crack can be located on the plate as illustrated in fig. 6.4, 
where A-C-B is the path traversed by the recorded signal.  Furthermore, by making 
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use of the line CD which bisects angle ACB, the estimated direction of the crack is 
in the direction normal to CD. 
(5) By moving the sensor along the marked line in fig. 6.4, and repeating steps (3) and 
(4), the geometry of the crack can be traced by joining the identified points. 
Applying this line-scan detection scheme on specimen I, the crack geometry can be 
traced with good accuracy as shown in fig. 6.6.  The detected crack points (shown as dots) 
are almost coincident with the actual crack represented by the solid line at the centre of the 
plate.  
Experience indicates that one possible cause of the slight inaccuracy is the slight 
subjectivity in determining the best excitation angle in step (4).  In practice, instead of a 
single specific angle, the ‘optimal’ angle extends over an angular range β obtained by fine 
rotation of the IDT.  For example, as shown in fig. 6.7, A-C-B and A-D-B are the 
boundaries within which very strong crack-reflected signals can be obtained.  The angle 
bisectors are given by EC and ED.  This provides a zone ECD that can be utilized to 
perform refined or accurate location of the crack. 
 
6.2.3 Accurate Detection Scheme 
Using the identified zone ECD, the idea is to line the IDT and the sensor such that 
direct (rather than oblique) incidence and reflected waves are received thereby giving the 
strongest signals possible.  It also implies that the crack is in the direction perpendicular to 
the line joining the IDT and the sensor locations.  To achieve this, two further steps are 
performed: 
(1) Place the sensor at the centre of the identified zone and place the IDT further back 
along the line perpendicular to the estimated crack direction.  Move the sensor slightly 
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in a line parallel to the estimated crack direction inside the optimized zone ECD, while 
keeping the excitation direction of the IDT toward the sensor (see fig. 6.8).  The best 
sensor position and excitation direction is thus obtained when the strongest set of 
signal is collected by the sensor.  The crack point can be accurately computed using 
the flight-times and a refined crack direction obtained using the line joining the IDT 
and sensor locations.  
(2) Next, move both the IDT and sensor simultaneously parallel to the refined crack 
direction in the vicinity of the optimized zone.  The geometry of the crack can be 
accurately traced (see fig. 6.8). 
The above procedure was applied to specimen I and the results shown in figs. 6.9 and 
6.10.  From the central position C in fig. 6.10, the IDT and the sensor were moved 
simultaneously downwards by 1, 2, 3 and 3.5cm (D1, D2, D3 and D3.5 in fig. 6.10) and 
also upwards by 1, 2, 2.5 and 3cm (U1, U2, U2.5 and U3).  From fig. 6.9, reflections from 
the crack were detectable from D3 to C to U2.5 indicating that the estimated crack length 
is 5.5cm, which agrees well with the actual crack length of 5.6cm.  Comparing figs. 6.6 
and 6.10, it can be seen that the refined procedure gives better estimation of the crack 
geometry and position.  It can also be observed in fig. 6.9 that each reflected wave has two 
closely spaced packets.  This is the consequence of the double reflections arising from the 
two boundaries of the crack, which is 1.5mm wide. From the flight-time analysis, those 
two reflections were both proven to be A0.  S0 reflection was missing in this case because 
the crack is almost a through crack (1.8mm deep in a 2mm plate), and reflects wave in a 
manner closer to that of a free edge.  The incident A0 kept its anti-symmetric mode shape 
after interaction with the free edge with symmetric boundary.  As a result, mode 
conversion was suppressed and the amplitude of the S0 reflection was negligible. 
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To illustrate that the proposed procedure not only works well for a simple crack which 
is deep with respect to the plate thickness, specimen II which contains a shallower (depth 
of 0.7mm compared to the plate thickness of 2mm) and piecewise linear crack (the solid 
lines in fig. 6.11) was considered. 
By using line-scan method, the two linear cracks were detected at two groups of 
sensor positions.  The presence of two groups of positions implies that either there are two 
cracks or one crack that is non-linear with two distinct directions. The detected crack 
points gave a fair estimation of the crack location as shown in fig. 6.11.   
Figure 6.12 gives typical signals recorded by line-scan scheme on specimen II.  
Although only A0 was excited by the IDT, reflections from the crack comprised both A0 
and S0 due to the interaction of the crack.  The crack can be located using the flight-time 
of A0, taacs, via eq. (6.1).   It should be noted that the flight-time of S0, tsacs, can also be 
used with the following equation 
tsacs=LIC /VgAo +LCS / VgSo.             (6.4) 
instead of eq. (6.1) if the signal is sufficiently strong.  Both eqs. (6.1) and (6.4) gave the 
location of the crack with negligible discrepancy. 
Using the accurate detection scheme, the two groups of IDT and sensor positions were 
used to trace the geometry of the crack.  Figure 6.13 shows that both the location and 
direction of the crack can be accurately identified.  Figure 6.14 gives typical signals 






6.2.4 Detection of a Curved Crack 
A curved crack may reflect wave signals differently from a linear crack.  Hence it is 
necessary to evaluate the effectiveness of the proposed procedure in detecting a curved 
crack.  A 0.5mm deep curved crack was cut in a 450×450×2mm aluminum plate (specimen 
III, see fig. 6.15) for this purpose.  The crack is 0.5mm deep, 1mm wide, 48mm long with a 
radius of 50mm.  By using the line-scan method, the curved crack was detected at a group 
of continuous sensor positions.  The detection result (see fig. 6.16) gave very close 
estimation of the curved crack.  The shape of the crack was traced with good accuracy but 
the length of the crack was slightly over-estimated.   
Based on the result given in fig. 6.16, further detection was performed by employ the 
accurate detection scheme.  By comparing the result given in fig. 6.17 to the previous 
result (fig. 6.16), the extent of crack was more accurately traced.  Both results gave the 
curved shape with good accuracy.  In addition, the curved shape could be confirmed by an 
observation from fig. 6.17 that the IDT moving line was longer than sensor moving line 
(see fig. 6.18).   
The high accuracy obtained in detecting the curved crack was due to the focusing 
effect arising from its curvature, which resulted in strong reflected wave signals with 
sharp peaks (see fig. 6.19).  The sharp peaks gave accurate reading of flight-time and led 
to precise detection.  However, the reverse is also true when the detection is performed on 
the opposite side where the curvature has a scattering instead of a focusing effect.  This 
was experimentally executed with the results shown in fig. 6.20.  Since the IDT was 
positioned very close to the boundary, the collected signals shown in fig. 6.21 consisted of 
a very strong peak next to the direct incidence package.  This is easily identified as the 
reflection from the boundary and did not pose difficulty in interpreting the flight-time of 
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the reflection from the crack, which consisted of both A0 and S0, similar to the signals 
reflected by a 0.7mm crack in specimen II (see fig. 6.12).  Figure 6.22 gives the zoom-in 
view of the detection profile confirming that the scattering effect results in less accurate 
determination of the location. 
Similarly, further detection was performed to trace the geometry of the crack by 
employing the accurate detection scheme with the result shown in fig. 6.23, which 
improves the results from the line-scan scheme in fig. 6.22.  In addition, the curved shape 
can be confirmed by noting that the IDT moving line is longer than the sensor moving line 
(see fig. 6.24).  However, whether the curve has a focusing or scattering effect can only be 
confirmed by connecting these detected crack points in fig. 6.17 or 6.23. 
Since Lamb waves interrogate the entire thickness of the plate rather than only the 
surface, the proposed scheme of NDE is effective even if the cracks is hidden, for example 
on the reverse face of the plate from face where the actuator and sensor are placed.  
Experiments were carried out with the same three plates but with the cracks hidden by 
using the opposite (i.e. undamaged) face for the sensor and actuator placements.  Similar 
signals were collected and the cracks were located with the same accuracy.  
119 












t (   s) µ
Amplitude
     (v) 
 
Fig. 6.1  Input pulse signal 
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Fig. 6.4  Crack point detection by best excitation direction 
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Fig. 6.9  Signals from accurate detection procedure on specimen I 
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Fig. 6.12  Sensor signal by line-scan on specimen II 
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Fig. 6.15  Curved crack detection on specimen III 
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Fig. 6.18  Focusing effect of curved crack in accurate detection 
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Fig. 6.20  Curved crack detection from scattering side on specimen III 
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Fig. 6.23  Accurate detection result of curved crack from scattering side 
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Fig. 6.24  Scattering effect of curved crack in accurate detection 
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The objective of this research is to study the excitation and propagation of elastic 
waves by IDT for NDE of plate structures.  This work is carried out in two parts.  The 
first part (chapters 2 to 4) is to investigate the electro-mechanical coupling effect of a 
piezoelectric coupled structures as well as the interaction between the IDT and the host 
media on wave excitation and propagation.  In the second part (chapters 5 and 6), 
optimal design of IDT is carried out based on the results obtained in the first part, and 
experimental work was performed indicating that the designed IDT is efficient and 
accurate in detecting cracks in plates. 
 
7.1 Conclusions
The significant findings of this research can be summarized as follows:
1. The dispersion equation of propagation of axially polarized shear waves in a 
piezoelectric coupled cylinder is theoretically obtained, which reveals that within 
the range of wavenumber commonly used (wavenumber > 10), the wave 
propagates with very little dispersion.  Studies on different metallic core and 
thickness of the piezoelectric layer indicate that if the shear wave velocity of the 
core material is smaller than that of the piezoelectric layer, the phase velocities of 
the coupled cylinder increase with increase in the thickness of the piezoelectric 
layer.  Conversely, if the shear wave velocity of the core material is larger that that 
of the piezoelectric layer, the phase velocities of the coupled cylinder decrease with 
increase in the thickness of the piezoelectric layer. 
2. From the study on the propagation of plain strain waves in a piezoelectric layered 
semi-infinite medium, it is found that different wave propagation components exist 
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in different phase velocity range.  The results show that the dispersion curves of 
various mode shapes are asymptotic to the shear wave velocity of the piezoelectric 
layer.  The first two mode shapes of the electric potential correspond to a half-
cosine distribution at small wavenumber and a full-cycle sinusoidal distribution at 
relatively larger wavenumber. 
3. An analytical model of Lamb wave excitation by IDT is first established, which 
serves as a guide for the optimal design of IDT in NDE of plates.  The analytical 
results show that the finger spacing controls the central wavelength of the IDT and 
is a fundamental design parameter.  On the other hand, the finger width does not 
affect the excitation significantly.  For fixed finger spacing, the IDT length and 
number of fingers are inter-related.  They are designed so as to achieve sufficient 
mode selectivity and excitation strength while keeping the time span of the signal 
package as small as possible for accurate flight-time measurement in NDE.   
4. Based on results of the analytical model, an innovative mobile double-sided IDT 
was proposed as an efficient device where excitation strength is strong and focused.  
It was fabricated in-house using commercially available piezoelectric patches, and 
subsequently used to develop a procedure for accurate identification of the location 
and extent of cracks in plates.  A line-scan method to locate the crack and a refine 
procedure using direct reflected wave to determine the extent is proposed.  Both 
the device and procedure were shown to be efficient and accurate in detecting 
damages in three aluminum plates, the first one with a deep linear crack (crack 
depth to plate thickness ratio of 0.9), the second one with a shallow piecewise 
linear crack (depth ratio of 0.35), and the last one with a shallow curved crack 
(depth ratio of 0.25).  The sensor and actuator can either be on the damaged or 
undamaged face of the plate (i.e. the case where the crack is hidden). 
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7.2 Recommendations 
Despite the findings of this thesis, the study on NDE of plates by IDT is far from 
complete, but rather proves to be an emerging technique with promising future once 
other practical issues are addressed.  Some recommendations for future work are listed 
as below:  
1. The analytical model to study IDT excitation employs plane strain assumption to 
simplify it into a 2-dimensional model, and is therefore unable to monitor the 
effects of wave attenuation in directions other than the wave propagation direction.  
To further improve on the design of IDT in relation to focus of the wave, some 
numerical method, for example, finite element method, has to be used to model the 
piezoelectric layered structure as a 3-dimensional problem.  This will reduce the 
need to perform numerous trial and error experiments to obtain an optimal design. 
2. In IDT fabrication, plastic or metallic molds can be used in the packaging process 
to protect the IDT and wiring to produce a more durable and robust device. 
3. In crack detection in plates, full automation can be realized if a mechanical arm is 
designed to hold the IDT to move and rotate with precision.  The action of the 
machine arm can be controlled by a computer, which is connected to the 
oscilloscope, and interprets the signals on site at real time. 
4. The present work can detect the locations and geometries of cracks accurately, but 
the severity of the damage, i.e. the crack depth, is not investigated.   The latter is 
believed to be related to the reflection or transmission ratio of waves.  However, in 
order to obtain full quantitative information, either numerical method to study the 
wave interaction with cracks needs to be developed, or numerous experiments to 
tabulate wave reflection or transmission ratio against crack depth are to be carried 
out. 
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5. The work can be extended to detect damages in other 2-D structures such as shells 
or large tubes, after obtaining the dispersion curves of wave modes in those 
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Appendix A Basic Concepts of Elastic Waves in Solids 
 
Generally, there are two ways to study elastic wave in solids.  The first way is 
based on the strength-of-material theories for rods, plates and shells.  These theories 
are essentially derived from assumptions on the kinematics of deformation.  Since the 
kinematics is generally only approximations to the true deformations, the resulting 
theories are approximate.  Though some improvements in these theories, such as the 
Love rod theory and the Timoshenko beam theory, present practical information, they 
are limitations.  The second way is to study wave propagation using the exact 
equations and boundary conditions based on infinitesimal isotropic elasticity theory. 
It is obvious that the second way is helpful to understand the nature of elastic 
waves in solids.  This dissertation follows this approach, based on exact theory of 
elasticity.  Some assumptions are necessary and will be introduced. 
 
A.1 Basic Equations of Elastic Waves in Solids 
Under wave theory in solids, the equation of motion is given by 
zyxiFuT i ,,, =−= ijij, &&ρ                 (A.1) 
and the strain-displacement relation is 
Sij = 0.5 (ui,j + uj,i)                 (A.2) 
where ρ is the mass density, Fi is the applied force, ui, Sij and Tij are displacement, 
strain and stress, respectively. Subscript “,j” indicates differentiation with respect to xj 
and “over-dot” denotes the time derivative. 
Since there are three field variables (ui, Sij, Tij) and only two equations, one 
additional condition is required and this is provided by the constitutive equation 
150 
Tij = cijklSkl,   i,j,k,l = x, y, z                        (A.3) 
with summation over the repeated subscripts k and l.  The constants cijkl are referred as 







            (A.4) 
Since following two equations are always naturally satisfied 
cijkl = cjikl,  Sij = Sji,                (A.5) 








For example,  
Txx =cxxyySyy                 (A.6) 
is replaced in abbreviated subscript notation by 
T1 = c12S2                  (A.7) 
It is obvious that the stiffness matrix is therefore a 6×6 matrix, and the strain-stress 
relationship can be represented in matrix form as 
{T}=[c]{S}                 (A.8) 
Theoretically, with a known force field, the wave propagation can be solved using 
eqs. (A.1), (A.2) and (A.3) combined with boundary conditions and initial conditions.  
If the force field vanishes throughout the domain, the equations described the free 
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wave propagation problem. Natural frequencies can be extracted or dispersion 
characteristics can be obtained.  
 
A.2 Bulk Waves in Homogeneous Isotropic Media 
This appendix will begin with simple material to obtain some basic characteristics 
of wave propagation in solids.  Metallic media are most widely used in industry.  

































c               (A.9) 
where 
c12 = c11 – 2c44                      (A.10) 
Equations (A.9) and (A.10) reveal that isotropic media have only two independent 
elastic constants.  These are often taken to be the Lame constants λ and µ (Graff, 1975), 
defined by 
λ = c12, µ = c44                      (A.11) 
The governing equations in terms of displacements are obtained by substitution of 
eqs. (A.3) and (A.2) into (A.1), resulting in Navier’s equations for the media 
iijjijij uFuu &&ρµµλ =+++ ,,)( .                   (A.12) 
After solving, the displacements can be uncoupled as dilatational disturbance 
propagating at the velocity of V1’ and rotational waves propagating at the velocity of 









cV == .                     (A.14) 
Thus wave propagation in isotropic media could be uncoupled as dilatational waves, 
also called primary (P) waves, and rotational waves, also called secondary (S) waves. 
It is obvious that wave propagation is a three-dimensional problem.  However, 
when subjected to different boundary conditions, the waves can become uncoupled as 
shear horizontal (SH) waves (fig. A.1) and plane strain waves (combining shear 
vertical (SV) waves (fig. A.2) and compressional (P) waves (fig. A.3)) (Graff, 1975).  
In SH waves, the direction of the particle displacement is perpendicular to the wave 
propagation direction.  While in plane strain waves, the particle displacement is 
confined in the propagation plane.  Hence, the three-dimensional problem can 
degenerate to a one-dimensional SH wave problem and/or a two-dimensional plane 
strain wave problem. 
Crystals are anisotropic elastic materials.  Depending on the degree of anisotropy, 
the number of elastic constants in eq. (A.3) can range from 3 to 21.  Wave propagating 
in an anisotropic medium is highly dependent on the propagation direction.  For 
example, cubic materials have 3 independent elastic constants, c11, c12 and c44.  If wave 
propagates in the direction parallel to one of cubic crystal axis, eqs (A.13, 14) still hold. 
 
A.3 Bulk Waves in Piezoelectric Media 
In piezoelectric media, the equations of motion (A.1) and strain-displacement 
relation eq. (A.2) still apply.  In addition, there exists electromagnetic field due to 
piezoelectricity.  In general, the magnetic field associated with the electric field 
produced by an elastic wave is neglected.  Applying this quasi-static approximation 










ED                (A.15) 
where DEi represents electric displacement (Auld, 1973).  The electric field Ei (for i = 1, 
2 and 3) is related to the electric potential φ by 
Ei = − φ,i                       (A.16) 
The constitutive equations of piezoelectric media are 
,kkijklijklij EeScT −=               (A.17) 
kikklikli
E ESeD Ξ+= .              (A.18) 
where the coefficients e and Ξ are the piezoelectric and dielectric constants, 
respectively.  For piezoelectric material of hexagon structure polarized in the x3-

































c             (A.19) 




















e             (A.20) 



















][                      (A.21) 
Combining the five eqs. (A.1), (A.15) to (A.18), the mechanical fields and 
electrical fields resulting from wave propagating in piezoelectric media can be 
obtained. 
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The piezoelectric bulk waves can propagate in any direction in piezoelectric 
materials.  To simplify the analysis, assuming the piezoelectric material is hexagon and 
polarized along z-direction, the plane wave propagates along x-direction (see fig. A.2 
and A.3).  The wave velocity is achieved as (Parton and Kudryavtsev, 1988) 
ρ/111 cV = ,               (A.22) 
ρ/442 cV = .               (A.23) 
where 11
2
154444 / Ξ+= ecc  is the piezoelectric stiffened elastic constant.  Correspondent 
to eqs. (A.13) and (A.14), V1 and V2 are referred to as compression wave velocity and 
shear wave velocity in piezoelectric material.  
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Fig. A.3  Displacement field of compressional wave propagating in x-direction (‘+’ 
and ‘o’ represent positive and negative displacement respectively, while the 
sizes of the symbols indicate amplitude of displacement) 
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Appendix B Characteristics of Lamb Waves 
 
Elastic waves propagating in plates under traction-free boundary conditions are 
normally referred to as Lamb waves, first studied by Lamb (1917).  The solution of 
Lamb waves in a homogenous plate is reviewed in this appendix and some basic 
characteristics including dispersion, group velocity, cutoff frequency, and stresses on 
the surface are discussed. 
B.1 Solution of Lamb Waves 
Considering the case that waves propagating in x2-direction in an x1-x2 plate (the 
thickness direction in x3), plane strain assumption applies for the plane strain waves 
discussed in Appendix A.2.  The acoustic field of homogenous media can be expressed 


















Φ∂=                (B.1) 























Φ∂=Φ∇                (B.2) 
for a plane strain wave problem, where t is the time variable, '/'' 111 ρ= cV  and 
'/'' 442 ρ= cV  are the compressional and shear wave velocity respectively, and 
' . ' 21 VV >
The solution for the acoustic field can be partitioned into three segments based on v, 
the phase velocity of the propagating waves.  For v ≥  > , denoted as range I, the 
free wave propagation in the plate in the x
'1V '2V



















                    (B.3) 
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where k is wavenumber, , , and ω is the 
radial frequency.  Substituting eq. (B.3) into eq. (B.1) yields 
22
1



















      (B.4) 
The acoustic field in the substrate plate for range II ( ) and range III 
( ) can be expressed in similar forms. 
'' 21 VvV >>
vV >'2
By taking only symmetric part or anti-symmetric part in eq. (B.4), the Lamb waves 
















































−= , B’ and A’ are the 
amplitudes of symmetric and anti-symmetric Lamb modes, respectively.  Accordingly, 
the associated stress components of symmetric modes and anti-symmetric modes are 












































































         (B.6b) 
The mode shape of displacement and stress fields of the first two Lamb modes, 
namely, the lowest symmetric mode S0 and the lowest anti-symmetric mode A0, are 
given in fig. B.1. 
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The surface of the plate in the far field is traction-free, that is,  
0'' 3233 == TT , at x3 = ±d.                 (B.7) 
where d is half of the thickness of the plate.  Substituting the wave solution given in eq. 
(B.6a) into the traction-free boundary conditions in eq. (B.7), the symmetric Lamb 














d                   (B.8) 
Alternatively, substituting the wave solution given in eq. (B.6b) into eq. (B.7), the anti-
















d                (B.9) 
For the other phase velocity ranges where '1Vv < , similar dispersion equations can 
be obtained in the same manner. 
 
B.2 Some Basic Characteristics of Lamb Waves 
B.2.1 Dispersion of Lamb Waves 
Dispersion curves of Lamb waves can be obtained by solving eqs. (B.8) and (B.9).  
The first 5 modes, namely, 0th anti-symmetric mode (A0), 0th symmetric mode (S0), 1st 
anti-symmetric mode (A1), 1st symmetric mode (S1) and 2nd anti-symmetric mode (A2) 
are plotted in fig. B.2.  The wavenumber is non-dimensionalized by the thickness of 
the plate, and the phase velocity by the shear velocity of the plate medium.  As the 
wavenumber increases, the phase velocities of the first 2 Lamb modes, A0 and S0, are 
asymptotic to VR’, the surface or Rayleigh wave velocity of the plate (Rayleigh, 1887), 
which is reasonable.  As the wavenumber increases, the wavelength relative to the 
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thickness of the plate is very small that the waves propagate as if it is at the surface of 
semi-infinite medium (instead of in a plate).  
 
B.2.2 Cutoff Frequency 
The cutoff frequency for various Lamb wave modes can be obtained by 
considering .  For this limiting value, the Lamb wave frequency equation 
reduces to: 
0→k
sin β’d cos α’d = 0                (B.10) 
sin α’d cos β’d = 0                (B.11) 
for the symmetric and anti-symmetric modes, respectively.  By solving α’ and β’ in eqs. 
(B.10) and (B.11), a series of cutoff frequencies can be obtained. 
Below the lowest cutoff frequency, the two modes, namely, the fundamental anti-
symmetric mode A0 and the fundamental symmetric mode S0 exist.  As the excitation 
frequency increases, more and more modes will be excited leading to the existence of 
multi-modes.  Their presence results in difficulties when using Lamb waves for non-
destructive evaluation (NDE). 
 
B.2.3 Group Velocity 
Lamb waves are fundamentally dispersive.  In pulse signals, they propagate as 
packages at the group velocities, which are frequency dependent.  The group velocities 
Vg as a function of frequency can be obtained from the dispersion eq. (B.6) for each 
Lamb mode (Graff, 1975) by 
dk
dVg
ω=                  (B.12) 
Figure B.3 gives the group velocities of the first 6 Lamb modes.  The first two modes, 
A0 and S0, exist throughout the frequency range while the other modes appear if the 
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excitation frequency is above their respective cutoff frequencies, which can be 
obtained from eqs. (B.10) and (B.11).  
For a 2mm thick aluminum plate, the lowest cutoff frequency is approximately 
760kHz.  When Lamb waves are excited at 600kHz, only A0 and S0 can exist.  The 
group velocity of A0, VgA, is approximately 3.1km/s, while that of S0, VgS, is 
approximately 4.8km/s. 
 
B.2.4 Stresses on the Plate Surface 
Under the plane strain assumption, only T11, T22, T23 and T33 of all stress components 
have non-zero value.  Considering the traction-free boundary condition eq. (B.5), only 




+=                 (B.13) 
Hence, the stresses on the plate surface are proportional to the amplitude of T22.  By 
measuring the stresses on a plate surface with a piezoelectric sensor, the magnitude of 
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Fig. B.2  Dispersion curves of Lamb modes in an aluminum plate 
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